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Honorable Mentions



Classical Mechanics

F = ma = mx′′

▶ F = −∇V =⇒ H :=
1

2
m|x′|2 + V (x) is conserved

▶ Hooke’s Law: F = −kx, V = k
2 |x|

2

▶ Newton’s ULoG:

F = −GmMx

|x|3
, V = −GmM

|x|

Assume k = G = m =M = 1 and write ξ := x′:

F = ξ′



Hooke’s Law/Simple Harmonic Oscillation

−x = F = x′′, V =
1

2
|x|2, H (x, ξ) =

1

2
|ξ|2 + 1

2
|x|2

▶ Solutions: cos t and sin t.
x(t) = x0 cos t+ ξ0 sin t,

ξ(t) = −x0 sin t+ ξ0 cos t

Hamilton’s Reform:
(
x(t)
ξ(t)

)
=

(
cos t sin t
− sin t cos t

)(
x0
ξ0

)
▶ In the plane spanned by (x0, ξ0) and (ξ0,−x0)
▶ Great circle on 1

2 |x|
2 + 1

2 |ξ|
2 = E, the energy surface ΣE



ΣE

γ0

√
2E

(x0, ξ0)



Newton’s ULoG and Kepler’s Laws

F = − x

|x|3
, V = − 1

|x|
, H⊙(x, ξ) =

|ξ|2

2
− 1

|x|
E < 0: Any trajectory of energy E

1. is a planar ellipse with the origin at one focus,
2. sweeps equal areas in equal times,
3. has period T = 2π/(−2E)3/2.

(a) Position graphs (b) Momentum graphs
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Quantum Mechanics
Classical Mechanics Quantum Mechanics

(x, ξ) ⇝ ψ : R3 → C

x ⇝ |ψ|2dx

ξ ⇝ |Fℏ[ψ]|2dξ

(x, ξ) 7→ x ⇝ ψ 7→ xψ

(x, ξ) 7→ ξ ⇝ ψ 7→ ℏD[ψ]

(ax+ bξ)j ⇝ (ax+ bℏD)j [ψ]

H(x, ξ) = 1
2 |ξ|

2 + V (x) ⇝ Ĥℏ[ψ] := −ℏ2
2 ∆ψ + V (x)ψ

a(x, ξ) ⇝ Opℏ(a)[ψ]

E ⇝ E such that Ĥℏψ = Eψ

average x ⇝ ⟨Opℏ(x)ψ,ψ⟩

average a(x, ξ) ⇝ ⟨Opℏ(a)ψ,ψ⟩



Quantum Mechanics Cont.

Classical Mechanics Quantum Mechanics
x ⇝ |ψ|2dx
ξ ⇝ |Fℏ[ψ]|2dξ

average a(x, ξ) ⇝ ⟨Opℏ(a)ψ,ψ⟩

Uncertainty Principle:

∥(x− a)ψ∥22∥(ℏD − b)ψ∥22 ≥ ℏ2/4.

Caution to the wind: Want Wψ(x, ξ) such that

⟨Opℏ(a)ψ,ψ⟩ =
∫
R6

a(x, ξ)Wψ(x, ξ)dxdξ

Wψ(x, ξ) =
1

(2πℏ)3

∫
R3

ψ(x+ 1
2v)ψ(x− 1

2v)e
− i

ℏv·ξdv



Quantum Mechanics Cont.

⟨Opℏ(a)ψ,ψ⟩ =
∫
R6

a(x, ξ)Wψ(x, ξ)dxdξ

Wψ(x, ξ) =
1

(2πℏ)3

∫
R3

ψ(x+ 1
2v)ψ(x− 1

2v)e
− i

ℏv·ξdv

Key Properties:

▶
∫
R3

Wψ(x, ξ)dξ = |ψ|2,
∫
R3

Wψ(x, ξ)dx = |Fℏ[ψ]|2

▶
∫
R6

Wψ(x, ξ)dxdξ = 1

▶ Wψ can be negative
Hudson’s Theorem: Wψ ≥ 0 if and only if ψ has minimal
uncertainty



Send ℏ → 0

Bohr’s Correspondence Principle: As ℏ → 0, quantum
“looks” classical.

Definition 1 (Semiclassical Measure).

A measure µ is a semiclassical measure of a sequence ψℏ if
Wψℏ ⇀ µ. That is,

⟨Opℏ(a)ψℏ, ψℏ⟩ =
∫
R6

a(x, ξ)Wψℏ(x, ξ)dxdξ
ℏ→0−−−→

∫
R6

a(x, ξ)dµ

for any a ∈ C∞
c (R6).

Ĥℏψℏ = Eψℏ =⇒ µ is inv. under Ham. flow of H on ΣE

Understanding the backwards direction is notoriously hard!



Quantum Simple Harmonic Oscillator

H (x, ξ) =
1

2
|ξ|2 + 1

2
|x|2 ⇝ Ĥℏ = −ℏ2

2
∆ +

1

2
|x|2

▶ Ĥℏ ψ = Eψ =⇒ E = ℏ(N + 3
2), N = 0, 1, 2, . . .

▶ The ℏ(N + 3
2)-eigenspace has a basis of ∼ N2 functions

hα(x) = cαpα(x)e
− 1

2ℏ |x|
2

▶ Well-known Whα(x, ξ) = cαe
− 1

ℏ (x
2+ξ2)Lα(

2
ℏ(x

2 + ξ2)).



Theorem A (Arnaiz 2018, Studnia 2019, Arnaiz-Macià
2020).

For any E > 0 and any Radon probability measure µ on ΣE
invariant under Ham. flow H , there exists uℏ such that
Ĥℏ uℏ = Euℏ where uℏ ⇀ µ as ℏ → 0, N → ∞, ℏ(N + 3

2) = E.

Definition 2.
For any Ham. orbit γ, define

φγℏ,N :=
1

2π

∫ 2π

0
e

i
ℏ tEe−

i
ℏ tĤℏ [φ

(x0,ξ0)
ℏ ]dt

where (x0, ξ0) ∈ γ.

▶ x0 =
√
2Ee1, ξ0 = 0 =⇒ φγℏ,N = hN (x1)

▶ x0 =
√
Ee1, ξ0 =

√
Ee2 =⇒ φγℏ,N = cℏ,N (x1+ ix2)

Ne−
1
2ℏ |x|

2





Theorem A (Arnaiz 2018, Studnia 2019, Arnaiz-Macià
2020).

For any E > 0 and any Radon probability measure µ on ΣE
invariant under Ham. flow H , there exists uℏ such that
Ĥℏ uℏ = Euℏ where uℏ ⇀ µ as ℏ → 0, N → ∞, ℏ(N + 3

2) = E.

We know Wφγ
ℏ
⇀ δγ , but what about finer asymptotics?

Pointwise? Scaling near γ?



Theorem 1 (Pointwise Asymptotics, L. 2023).

Fix E = 1/2 and γ a H.O. in plane Pγ Then

ℏdWφγ
ℏ,N

(0, 0) = (−1)N/πd.

Define the notation I := | projPγ
(x, ξ)|2, I⊥ := | projP⊥

γ
(x, ξ)|2.

For ε ≤ I ≤ 1− ε,

ℏd−
1
2Wφγ

ℏ,N
(x, ξ) ∼ A(I)e−

1
ℏ I

⊥
cos(θ(I)).

For I > 1,
ℏd−

1
2W ℏ

φγ
ℏ,N

(x, ξ) ∼ Ce−
1
ℏH
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Theorem 2 (Scaling Asymptotics, L. ’23).

Fix E = 1/2 and let γ a H.O. If I = v2ℏ2 and I⊥ = s2ℏ, then

ℏdW ℏ
φγ
ℏ,N

(x, ξ) ∼ cNe
−s2J0(2v)

OTOH, if I = 1 + uℏ2/3 and I⊥ = s2ℏ, then

ℏd−1/3W ℏ
φγ
ℏ,N

(x, ξ) ∼ 1

πd
e−s

2
Ai(u)

1 (x, ξ)
(x, ξ)(1 + ℏ2/3)

{|x|2 + |ξ|2 = 1}

γ

First result addressing of a conjecture of M. V. Berry ’89
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Proof Idea

Use metaplectic covariance of Wigner distributions:

Wµ(A)[f ](x, ξ) =Wf (A−1(x, ξ))

where A ∈ Sp(6,R). If U ∈ SU(3) ⊂ Sp(6,R), then

µ(U)[φγℏ,N ] = φU ·γ
ℏ,N .

Method 1: Rotate γ to include x0 = e1, ξ0 = 0 and use known
asymptotics of Laguerre polynomials ([FW88] or Olver)
Method 2: Rotate γ to include x0 = e1, ξ0 = e2 to create a
semiclassical parametrix and do stationary phase [CFU56]∫

R
g(z)eNf(z,α)dz ∼ N−1/3Ai(N2/3ζ) +N−2/3Ai′(N2/3ζ)



Coulomb Schrödinger Operator

Kepler’s Hamiltonian goes to Schrödinger’s Hydrogen

H⊙(x, ξ) =
|ξ|2

2
− 1

|x|
⇝ Ĥ⊙

ℏ := −ℏ2

2
∆− 1

|x|
, ℏ > 0.

spec Ĥ⊙
ℏ = {− 1

2ℏ2(N+1)2
| N = 0, 1, . . .} ∪ {0} ∪ { 1

2ℏ2λ2 | λ > 0},

▶ The dimension of the − 1
2ℏ2(N+1)2

-eigenspace is (N + 1)2.
▶

ψN,ℓ,m(r, θ, φ) = CN,ℓ,ℏr
ℓe−r/2L2ℓ+1

N−ℓ (r)Y
m
ℓ (θ, φ)

where ℓ = 0, . . . , N , m = −ℓ, . . . , ℓ



ψN,ℓ,m(r, θ, φ) = CN,ℓ,ℏr
ℓe−r/2L2ℓ+1

N−ℓ (r)Y
m
ℓ (θ, φ)

where ℓ = 0, . . . , N , m = −ℓ, . . . , ℓ



What are the semiclassical measures of Ĥ⊙
ℏ := −ℏ2

2 ∆− 1
|x|?

The Hamiltonian orbits of H⊙(x, ξ) = |ξ|2
2 − 1

|x| obey Kepler’s
laws.

(a) The position graphs (b) The velocity/momentum graphs



Theorem 3 (L. 2024).

For any E < 0 and any Radon probability measure µ on
{H⊙ = E} invariant under etJ∇H⊙

, there exists uℏ such that
Ĥ⊙

ℏ uℏ = Euℏ where uℏ ⇀ µ as ℏ → 0, N → ∞,− 1
2ℏ2(N+1)2

= E.

(a) The position graphs (b) The velocity/momentum graphs
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Theorem M (Moser ’70).

Let E < 0. The map ME : T ∗R3 → T ∗S3̸=NP given by

ME := ω∗ ◦ S(−2E)1/2 ◦ D(−2E)−1/2 ◦R−π/2

where ω : R3 → S3̸=NP is stereographic projection,

R−π/2(x, ξ) := (ξ,−x),
Dk(x, ξ) := (kx, k−1ξ),

Sk(x, ξ) := (x, kξ),

satisfies
▶ ME is a (conformal) symplectomorphism that pulls back

the symplectic form on T ∗S3̸=NP to
√
−2Edx ∧ dξ

▶ ME |Σ⊙
E
= S∗S3̸=NP

▶ ME sends the Kepler Hamiltonian flow to the (co)geodesic
flow on S∗S3̸=NP (up to time reparametrization).



‘Quantization’ of Moser’s map
Theorem F (Fock ’35).

Define eigenspace

EN (ℏ) := {ψ ∈ L2(R3) : Ĥ⊙
ℏ ψ = − 1

2ℏ2(N+1)2
ψ}.

There exists a map VN,ℏ : EN (ℏ) → H(N)
3 given by

VN,ℏ = ω̂−1 ◦ S ◦ D̂[ℏ(N+1)]−1 ◦ Fℏ, S[f ] :=
( | • |2 + 1

2

)1/2
f

(where H(N)
3 are the harmonic polynomials of degree N on Sd)

such that VN,ℏ is unitary with

VN,ℏĤ⊙
ℏ = − 1

2ℏ2
(
−∆S3 + 1

)−1
VN,ℏ



Proof Idea

Theorem 4 (L. 2024).

For any E < 0 and any Ham. orbit γ on Σ⊙
E , there exists Ψγ

ℏ,N
such that Ĥ⊙

ℏ Ψγ
ℏ,N = EΨγ

ℏ,N where Ψγ
ℏ,N ⇀ δγ as

ℏ → 0, N → ∞,− 1
2ℏ2(N+1)2

= E. Namely,

⟨Opℏ(a)Ψ
γ
ℏ,N ,Ψ

γ
ℏ,N ⟩

ℏ→0−−−→
∫
γ
a

for any a ∈ C∞
c (R6).

Using this and the Krein-Milman theorem proves the original
theorem.

Ψγ
ℏ,N := V−1

ℏ,N [Φ
ME(γ)
N ]

ΦN were used in [JZ99]



Continuous Spectrum?

Ĥ⊙
ℏ := −ℏ2

2
∆− 1

|x|
, ℏ > 0.

Want solutions ψ in the continuous spectrum:

Ĥ⊙
ℏ ψ = E⊙

ℏ (λ)ψ, E⊙
ℏ (λ) :=

1

2ℏ2λ2
.

How big is this solution set? HUGE
How do we parameterize the solution set? Scattering Theory
Example: ER2(λ) := {u ∈ C∞(R2) : −∆R2u = λ2u}
▶ S ′(R2) ∩ ER2(λ) ↔ D′(S1)
▶ ER2(λ) ↔ E′(S1) [Helgason ’74, Morimoto ’81]



Example Cont.

Example: ER2(λ) := {u ∈ C∞(R2) : −∆R2u = λ2u}
▶ S ′(R2) ∩ ER2(λ) ↔ D′(S1)
▶ ER2(λ) ↔ E′(S1) [Helgason ’74, Morimoto ’81]

Fortunately, the image of P (λ) : L2(S1) → ER2(λ)

P (λ)[f ](x) :=

∫
S1
f(θ)eiλx·θdθ

is dense in ER2(λ). For f ∈ C∞(S1),

P (λ)[f ](x) ∼ cλ,de
iλ|x||x|−

d−1
2 f( x|x|) + c−λ,de

−iλ|x||x|−
d−1
2 f̃( x|x|).

Call S(λ)[f ] := f̃ the scattering matrix.

S(λ) = P (−λ)−1P (λ)



P (λ)[f ](x) :=

∫
S1
f(θ)eiλx·θdθ, S(λ) = P (−λ)−1P (λ)

What about (−1
2∆+ V )u = λ2u? Construct solution

ψλ,V (x, θ) ∼ eiλx·θ + eiλ|x||x|−
d−1
2 aλ(

x
|x| , θ).

Define

PV (λ)[f ](x) :=

∫
Sd−1

f(θ)ψV,λ(x, θ)dθ

SV (λ) := PV (−λ)−1PV (λ).

Ĥ⊙
ℏ ψ := (−ℏ2

2 ∆− 1
|x|)ψ = E⊙

ℏ (λ)ψ is more complicated...

ψℏ,λ(x, θ) := eiλx·θg(|x| − x · θ) for some g ∈ C∞(R).



Pℏ(E)[f ](x) :=

∫
S2
f(θ)ψℏ,λ(x, θ)dθ, Sℏ(E) = Pℏ(−E)−1Pℏ(E)

ψℏ,λ(x, θ) := eiλx·θg(|x| − x · θ) for some g ∈ C∞(R).

Theorem Y (Yafaev ’97).

Sℏ(E
⊙
ℏ (λ)) =

cλ
|θ − θ′|2−2λi

= SH3(λ)



Classical Mechanics
E > 0: Hamiltonian flow of H(x, ξ) = |ξ|2

2 − 1
|x| in position space

1. is a planar hyperbola with the origin at one focus,
2. sweeps equal areas in equal times,

(a) Position graphs (b) Momentum graphs
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Theorem (Osipov ’72,’77, Belbruno ’77,’81).

Let E > 0. The map ME : R3 ×{|ξ| >
√
2E} → T ∗H3

̸=0 given by

ME := ι∗ ◦ S(−2E)1/2 ◦ D(−2E)−1/2 ◦R−π/2

where ι : R3
>1 → {0 < | • | < 1} is inversion,

R−π/2(x, ξ) := (ξ,−x),
Dk(x, ξ) := (kx, k−1ξ),

Sk(x, ξ) := (x, kξ),

satisfies
▶ ME is a (conformal) symplectomorphism that pulls back

the symplectic form on T ∗H3
̸=0 to

√
2Edx ∧ dξ

▶ ME |Σ⊙
E
= S∗H3

̸=0

▶ ME sends the Kepler Hamiltonian flow to the (co)geodesic
flow on S∗H3

̸=0 (up to time reparametrization).



‘Quantization’?

“ The geometric interpretation of the Schrödinger equation is less
intuitive in the case of the continuous spectrum than in the case of
the point spectrum. For applications, it is therefore more
advantageous to first derive the formulas for the discrete spectrum
and only in the final result consider the principal quantum number n
as purely imaginary. ” (Fock, 1935)

[BI66,PP66] wrote down one direction of this map (with many
caveats...):

Vλ,ℏ = ι̂−1 ◦ S ◦ D̂(ℏλ)−1 ◦ Fℏ, S[f ] :=
∣∣∣ | • |2 − 1

2

∣∣∣1/2f



Spectral Analysis of H3

H3 = {u ∈ R3 : |u| < 1}, du2 = 4
(1−|x|2)2dx

2

spec(−∆H3) = [1,∞). Plane waves:

−∆H3eλ(u, θ) = (λ2 + 1)eλ(u, θ),

eλ(u, θ) := e(1−iλ)[u,θ] =
(1− |u|2

|u− θ|2
)1−λi

θ

u

[u, θ]
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Theorem 5 (L. ’24).

For any λ ̸= 0, ℏ > 0, there is an explicit unitary operator Vℏ,λ
making the following diagram commute:

L2(S2)

Hℏ(E
⊙
ℏ (λ)) HH3(λ)

Pℏ(E
⊙
ℏ (λ)) PH3 (λ)

Vℏ,λ

Namely,

Vℏ,λ = ι̂−1 ◦ S ◦R{|•|>1} ◦ D̂(ℏλ)−1 ◦ Fℏ, S[f ] :=
∣∣∣ | • |2 − 1

2

∣∣∣1/2f
V∗
ℏ,λ = V−1

λ,ℏ = F−1
ℏ ◦ D̂ℏλ ◦ E ◦ S−1 ◦ ι̂.





Proof Sketch

Idea: Show Vℏ,λ[ψℏ,λ(x, θ0)] = eλ(u, θ0). Away from θ0,

(D̂(ℏλ)−1 ◦ Fℏ)[ψℏ,λ](ξ) =
c

(|ξ|2 − 1− 0i)1+λi|ξ − θ0|2−2λi
.

▶ The regularization at θ0 is unique in H−3/2−0 up to adding
cδθ0 . Might be a paired Lagrangian!

▶ The proof of the above uses Feynman’s identity [Feynman
’49]

1

zαwβ
=

Γ(α+ β)

Γ(α)Γ(β)

∫ 1

0

tα−1(1− t)β−1

(zt+ w(1− t))α+β
dt,

whenever ℜα,ℜβ > 0, 0 ̸∈ conv(z, w) ⊂ C.



(D̂(ℏλ)−1 ◦ Fℏ)[ψℏ,λ(•; θ0)](ξ)

= lim
ε→0+

4(ε+ λi)

λ

ε2
(
1 + (1−ε−λi)(|ξ|2−1+ε4−2ε2i)

(ε+λi)(|ξ−θ0|2+ε4)

)
− i

(|ξ|2 − 1 + ε4 − 2ε2i)1+ε+λi(|ξ − θ0|2 + ε4)1−ε−λi





Corollaries

Corollary 1.

Vℏ,λĤ
⊙
ℏ V−1

ℏ,λ =
1

2ℏ2
(
−∆H3 −1

)−1
on HH3(λ) for ℏ > 0, λ ∈ R ̸=0.

Corollary 2.

Sℏ(E
⊙
ℏ (λ)) = SH3(λ) for ℏ > 0, λ ∈ R ̸=0.

Corollary 3.

For ψ ∈ Hℏ(E
⊙
ℏ (λ)) and 0 < |ξ| < 1,

(D̂ 1
ℏλ

◦ Fℏ)[ψ](ξ) = −e
−π|λ|

|ξ|4
(D̂ 1

ℏλ
◦ Fℏ)[ψ]

( ξ

|ξ|2
)
.



Corollary 4.

For f ∈ L2(S2),

Pℏ(E
⊙
ℏ (λ))[f ] = F−1

ℏ ◦ D̂ℏλ

∫
S2

4

| • −θ|2−2λi(| • |2 − 1)1+λi f(θ)dθ

Corollary 5.

The infinite dimensional unitary representation
ρℏ(E

⊙
ℏ (λ)) : SOe(1, 3) → U(Hℏ(E

⊙
ℏ (λ)) of the restricted Lorentz

group SOe(1, 3) given by

ρℏ(E
⊙
ℏ (λ)) := V−1

ℏ,λ ◦ ρH3(λ) ◦ Vℏ,λ,

where ρH3(λ)[A](f) := f(A−1•), is irreducible.



Future Projects

▶ Is the theorem true with L2(S2) replaced by A ′(S2)?
▶ What about λ ∈ C such that 1 + λi ̸∈ Z≤0?
▶ Is there a Helgason-type theorem for

{ψ ∈ C∞(R3 \ 0) : Ĥ⊙
ℏ ψ = E⊙

ℏ (λ)ψ}?
▶ Can we handle perturbations of Ĥℏ?
▶ For a suitably nice function f on R3, define the

Coulomb-Helgason-Fourier transform

F̃ℏ[f ](λ, θ) =

∫
R3

f(x)ψℏ,λ(x, θ)dx.

Can we prove theorems about this transform? Is it different
than the usual Helgason-Fourier transform?



Thank you for your attention!
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