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Classical Mechanics
F = ma =mz"
» =-VV = H = %m\x’]z + V(z) is conserved

> Hooke's Law: F = —kz, V = &[z|2
» Newton’s ULoG:

Ja _G’ITLM."L" v — _G|m|]\4
T

Assume k= G =m = M =1 and write £ :== 2’:

F=¢



Hooke’s Law/Simple Harmonic Oscillation

1 1
—rx=F=a" V=_|z} H"(2,6) = §|5|2 + §|~’U|2

x> » Solutions: cost and sin .
x(t) = xg cost + &psint,

E(t) = —zpsint + &y cost

I (z(t)\ _ [ cost sint) [z
Hamilton’s Reform: <§(t)> = (_ sint cost> <§0)
» In the plane spanned by (g, &) and (&, —xo)
> Great circle on J|z|> + || = E, the energy surface X7




(w0, o)




Newton’s ULoG and Kepler's Laws

z 1 16\2 1
RE VT TRy 0=
E < 0: Any trajectory of energy E
1. is a planar ellipse with the origin at one focus,
2. sweeps equal areas in equal times,

3. has period T' = 27/(—2E)/2.

]

: =

=

(a) Position graphs (b) Momentum graphs
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Quantum Mechanics

Classical Mechanics Quantum Mechanics
(x,€) ~ Y :R3 = C
x - [ |2da
3 ~ | Fule]?dg
(x,8) — x ~ = x1)
(@,8) — ¢ ~ ¥ = hD[y]

(az + b)Y s (ax + bhD)I [¢))]
H(z,&) = 3I€P +V(2) ~ M) =-5A¢+V(2)y
a(z,§) ~ Opp(a)[¥]

E ~  FEsuchthat Hyyp = Evy
average z ~ (Opp ()1, )

average a(z, £) s (Opp(a)y, )



Quantum Mechanics Cont.

Classical Mechanics Quantum Mechanics
x ~o |v|2dx
3 ~ | Frl]|2d€

average a(z,§)  ~ (Opp(a)y, )
Uncertainty Principle:

Iz = a)pI3lI(hD — D)¢l5 > 1*/4.

Caution to the wind: Want W, (z, ) such that

(Oy(a)uv) = [ ale.Woo.€)dode

R

Wy(x,§) = (271_171)3 /R3 (x4 %U)Me—%v.gdv



Quantum Mechanics Cont.

Opn(@i ) = [ ale W, §)dude
Wol§) = s [ 0l + o)ola = Jole #*%ae
Key Properties:
> [ Welwode =10l [ Wae.©)dn = |5l
> /R6 Wy (e, €)dedé = 1

» W, can be negative

Hudson’s Theorem: W,, > 0 if and only if 1) has minimal
uncertainty




Send i — 0
Bohr’s Correspondence Principle: As i — 0, quantum
“looks” classical.
Definition 1 (Semiclassical Measure).

A measure p is a semiclassical measure of a sequence vy, if
Wy, — p. That s,

Opn(@intn) = [ alw.Wey (o, 0dode 225 [ a(o, )i

R

for any a € C°(RY).

ﬁ}‘ﬂ/}ﬁ = Evyy = pisinv. under Ham. flow of H on Xy

Understanding the backwards direction is notoriously hard!



Quantum Simple Harmonic Oscillator

™ (0,6) = S + ool A = A Lo
= — — A e — —_
By T 2 h 2 =72
> HMy=Ey — E=HhN+3),N=0,1,2,...
> The h(N + 2)-eigenspace has a basis of ~ N? functions
ho(x) = cozpoé(ac)e_%lx‘2
> Well-known Wi, (z,£) = cae™ n@ L, (2 (22 4 £2)).




Theorem A (Arnaiz 2018, Studnia 2019, Arnaiz-Macia
2020).

For any E > 0 and any Radon probability measure j. on X7,
invariant under Ham. flow H™ , there exists u;, such that
H;?\uh = Fuy where up, — pash — 0, N — oo, i(N + %) =F.

Definition 2.
For any Ham. orbit , define

1

2m
i _itH®
SO;LI,N — 271-/O eHtE o~ #tHE [(p%zo’&))]dt

where (zo, &) € 7.

> 20 =V2Ee1,§=0 = ¢, y = hn(21)

. SR
> 29 =+VEe, & =VEey — (plN:ch,N(wl—i—zxg)Ne ikl






Theorem A (Arnaiz 2018, Studnia 2019, Arnaiz-Macia
2020).

For any E > 0 and any Radon probability measure j. on X%,
/nvar/ant under Ham. flow H™ , there exists u;, such that
Hh up, = Buy, where up, — uash—>0 N — oo, A(N + ) E.

We know W, ) — 0, but what about finer asymptotics?
Pointwise? Scalmg near ~?



Theorem 1 (Pointwise Asymptotics, L. 2023).
Fix E=1/2 and~ a H.O. in plane P, Then

de@gyN(o, 0) = (-1)V /=<

Define the notation I = |p1rojpv(a:,§)]2,lL = \projpwl (z, )%
Fore <I<1-—¢,

W73W (2,€) ~ A(D)e 3T cos(8(1)).

ForI > 1, ) )
d—L1i7h —ig™
h 2W¢ng(w,§) ~ Ce n
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Theorem 2 (Scaling Asymptotics, L. ’23).
Fix E =1/2 and lety a H.O. If I = v?>h? and I+ = s*h, then

decZ%,N(w,i) ~ ene™* Jo(2v)
OTOH, if I = 1 + uh?/3 and I+ = s2h, then

_ 1 _2 .
hd 1/3W52N(x,§) ~ e Ai(u)

{lz* +1¢* =1}

First result addressing of a conjecture of M. V. Berry ‘89
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Proof Idea

Use metaplectic covariance of Wigner distributions:
W@, &) = WA (x,€))
where A € Sp(6,R). If U € SU(3) C Sp(6,R), then
wU)en ] = e

Method 1: Rotate ~ to include zy = e1, £y = 0 and use known
asymptotics of Laguerre polynomials ([FW88] or Olver)
Method 2: Rotate ~ to include zq = e1, &y = es to create a
semiclassical parametrix and do stationary phase [CFU56]

/ 9(2)eNTEN dy o N3 AINBC) + N3 AT (N?/3¢)
R



Coulomb Schrédinger Operator

Kepler’s Hamiltonian goes to Schrédinger’s Hydrogen

€21 A5 h? 1
BE 2 Lgo=-"A_2 >0
e R R A T

» The dimension of the
>

— gy -eigenspace is (N + 1),

UN (T, 0,0) = O oprte 2 L2 L) Y8, )
where / =0,..., Nym=—¥{,... [



wN,Z,m (7", 07 30) = CN,E,ETEB_T/2L?\§J:% (r)}/fm(9> 80)
where / =0,....N,m=—4,... 0




. . ] 2
What are the semiclassical measures of Hy” := —%A |91&|’?

The Hamiltonian orbits of H®(x,¢) = @ — W obey Kepler's
laws.

° an
S

(a) The position graphs (b) The velocity/momentum graphs




Theorem 3 (L. 2024).

For any E < 0 and any Radon probability measure 1. on

o K
{H® = E} invariant under et IVH™ “there exists uy; such that
HpPup, = Eup, where u, — ppash — 0, N — 00, — 57 (]\1,+1) =FE.

° o
S

(a) The position graphs (b) The velocity/momentum graphs







var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton2'){ocgs[i].state=false;}}



Theorem M (Moser *70).
Let E < 0. The map Mg : T*R® — T*S%p given by

ME =w"*o S(—QE)1/2 o D(_QE)—I/Q o R,ﬂ-/g
where w : R? — S;”éNP is stereographic projection,

R—ﬂ'/2(x7£) = (57 —l‘),
) ) = (kxa k71§)7

satisfies

> My is a (conformal) symp/ectomorphism that pulls back
the symplectic form on T*S3 np 10V —2Edz A d§

> ME’zg = 5" S;éNP

» Mg sends the Kepler Hamiltonian flow to the (co)geodesic
flow on S*S%\ (up to time reparametrization).



‘Quantization’ of Moser’s map
Theorem F (Fock ’35).

Define eigenspace

En(h) = {9 € L*(R®) : HOY = — sy ¥}

(N)

There exists amap Vy , : En(h) — Hs ~ given by

0|2 +1\1/2
o] ) s

VN,h =w ! OSOﬁ[h(NJrl)]_l O]:fLa S[f] — ( 5

(where ’HéN ) are the harmonic polynomials of degree N on S%)

such that V , is unitary with

. 1 -1
VnnHp = —ﬁ( — Ags + 1) VN



Proof Idea

Theorem 4 (L. 2024).

For any E < 0 and any Ham. orbity on X3, there exists )
such that Hy'U) \ = EV]  where U] . — 6, as

h— 0,N — oo, —m = E. Namely,
10

Opn(@)¥) . W) 22 [ a

.

for any a € C2°(RY).

Using this and the Krein-Milman theorem proves the original
theorem. "
\II%,N = Vh_Jl\f [Py E(V)]

d were used in [JZ99]



Continuous Spectrum?

~ K2 1
H® = ——A - — h>0.
RETRS TR T

Want solutions ¢ in the continuous spectrum:

~ 1
How big is this solution set? HUGE
How do we parameterize the solution set? Scattering Theory
Example: Ep2()\) = {u € C°(R?) : —Apeu = N\u}
> S'(R?) N Epa(N) +» D'(SY)

> Ep2(\) ¢ E'(S') [Helgason 74, Morimoto '81]



Example Cont.

Example: Eg2(A) = {u € C®°(R?) : —Apou = \u}
> S'(R2) N Epe (M) & D/(SH)
> Ep2(\) ¢ E'(S') [Helgason 74, Morimoto '81]
Fortunately, the image of P()\) : L2(S') — &Ega2(N)

PON)[f](z) = s f(0)e**%qp
is dense in Eg2()\). For f € C°(S!),

d—1 ~
2

PN)[fl(x) ~ CA,deMlx‘|!E|_%f(|§j) + ey ge” Nz~ (&),

Call S(N)[f] = f the scattering matrix.

S(\) = P(=\)"'P())



PMN(z) = . F(0)e?*0d9,  S(N) = P(=A)""P(\)

What about (—1A + V)u = A?u? Construct solution

Uy (x,0) ~ X0 4 Nel|2) =T ay (2, 0).

Define
PeOIA) = [ FO)wva(e.0)a0
Sv(A) = Py(=A)"'Py()).
HPp = (-2 A — )¢ = B (A\)¢ is more complicated...

Ppa(z,0) = e g(|lz| —x-0) for some g € C°(R).



E)f)(« / FO)dnr(x.0)d8,  Sy(E) = Py(~E) " Py(E)

Yna(z,0) = e g(|lz| —2-0) for some g € C°(R).

Theorem Y (Yafaev '97).

C
Sr(EP(N)) = m = S (M)



Classical Mechanics
E > 0: Hamiltonian flow of H(x,¢) = @ — ﬁ in position space
1. is a planar hyperbola with the origin at one focus,
2. sweeps equal areas in equal times,

(a) Position graphs (b) Momentum graphs
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Theorem (Osipov °72,77, Belbruno *77,81).
Let E > 0. The map Mg : R® x {|¢| > V2E} — T*HZ,, given by

ME =10 S(_QE)l/Q o D(—QE)—1/2 o R_ﬂ-/z
where . : R, — {0 < | o | < 1} is inversion,

R—7r/2($7§) = (fa —iL‘),
Dk($,§) = (kxa k71§)7
Sk(x7§) = (:E,kf),

satisfies

> Mg is a (conformal) symplectomorphism that pulls back
the symplectic form on T*HL,, to v/2Edx A d€

> = S*H3

» Mg sends the Kepler Hamiltonian flow to the (co)geodesic
flow on S*Hi;o (up to time reparametrization).



‘Quantization’?

“ The geometric interpretation of the Schrédinger equation is less
intuitive in the case of the continuous spectrum than in the case of
the point spectrum. For applications, it is therefore more
advantageous to first derive the formulas for the discrete spectrum
and only in the final result consider the principal quantum number n
as purely imaginary. ” (Fock, 1935)

[BI66,PP66] wrote down one direction of this map (with many
caveats...):

\.|2_1’1/2

Van =t 0S0Dyyy1 0 Fp,  S[f] = 2




Spectral Analysis of H?

H = {uekR®:|u <1}, du®= ﬁd:f
spec(—Aps) = [1,00). Plane waves:
—Agsex(u,0) = (A2 + 1)ex(u, 6),

1— |u]2 1-\i
lu — 9[2)

ex(u, ) = 1=iN[uo] (
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Theorem 5 (L. ’24).

Forany A\ # 0,1 > 0, there is an explicit unitary operator Vy x
making the following diagram commute:

L2(S?)
Pn(Eﬁ?y ﬁ(x)
(B (V) o Hizs (M)
Namely,
- ~ |o|2 —1)1/2
Via = 171050 Ryjesay 0 Diay-r 0 Fiy - SIf] = | )

Via=Vir=7i oDmoEoS ol



HYPERBOLL1- HELGSONTOWN

i

HYEROLIC HELIGASONTOWN IL PHYSICIST LAND




Proof Sketch

Idea: Show Vj [ (x, 00)] = ex(u, bp). Away from 6,

~ C

(1)(11)\)—1 © fﬁ)[wh,k](@ = (|£|2 —1- OZ’)1+M|£ _ 90|272/\i'

» The regularization at 6 is unique in H—3/2-0 up to adding
cdp,- Might be a paired Lagrangian!

» The proof of the above uses Feynman’s identity [Feynman
'49]

1 T(a+p) [P 71—t
2w’ F(a)F(ﬁ)/o (2t +w(1 —t))“*Bdt’

whenever Ra, R3 > 0,0 & conv(z,w) C C.



~

(Diiay-1 © F)[¥ona(®;60)](E)

2 (1—e—Xi)(|€)2—1+e*—2e23) .
~ lim 4(e + i) < (1 + (e+Xi)(J6—00]*+e*) ) —!

0t A (€7 — 1+t — 2e%i)FerN(|E — )% + eh) e N
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Corollaries

Corollary 1.

P 1 =
VinH2V L = W(—AH;), - 1) on Hzs(N) for b > 0, € Rz
Corollary 2.

Sh(E;?()\)) = Sys ()\) forh > 0,\ € ]Rﬂ).

Corollary 3.
Fory € s4(EP(\)) and0 < [¢] < 1,

e~ TIAl

S

(D1 o Fu)lw](€) = (D

10
hX



Corollary 4.
For f € L*(S?),

PUER O = Firt oD [ st S (0)d0

Corollary 5.

The infinite dimensional unitary representation
pr(EP (V) : SO(1,3) — U(H4,(EF (N)) of the restricted Lorentz
group SO.(1, 3) given by

pr(ER (V) = Viy 0 prs(A) 0 Vi,

where pys(\)[A](f) == f(A™1e), is irreducible.



Future Projects

> |s the theorem true with L2(S?) replaced by «7/(S?)?
What about A € C such that 1 + \i & Z<o?
» Is there a Helgason-type theorem for
{ € C=(R*\0): HY'y = EP(\)¢}?
» Can we handle perturbations of Hy?

» For a suitably nice function f on R3, define the
Coulomb-Helgason-Fourier transform

v

Fulf1N, 0) = /RS F@)Ppa(z, 0)dz.

Can we prove theorems about this transform? Is it different
than the usual Helgason-Fourier transform?



Thank you for your attention!
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