
MATH 360-1, Fall 2010 MENU Applied Analysis

Project 3: Disease and Epidemics

Due Friday, December 10 at 5PM

This project is adapted from the document “The Possum Plague’, a supplement
to

Borelli, R.L. and Coleman, C.S, Differential Equations: A Modeling Perspective,
John Wiley and Sons, Inc., New York 2004.

available on the class web site. The page numbers below will refer to the numbers
in that document.

In this project you will be asked to examine two mathematical models for con-
tagious disease. The SIR model is for diseases which are relatively contagious,
but from which the infected members of the population recover. The other is
for more serious diseases, from which the infected members of the population do
not recover. In the most serious form, such diseases do not kill quickly, and the
infected members of the population can interact with the susceptible members
of the population leading to widespread infection.

Our models will be non-linear, much as in population problems; in particular
we assume that susceptible and infected members of the population interact
according to the law of mass action.

1. Begin by explaining why the equations (1) on p. 70 model the possum
plague. What are the limitations? What is the significance of the coefficients?
Pay particular attention to the coefficient α, explaining what changes as this
number changes. The coefficient β is also important. Why?

2. There are a large number of coefficients; therefore the model gets rescaled,
as on p. 71, to get the equations (5). Explain what the variables x and y and
coefficients c and r now mean; in particular, explain how c and r change as α
changes.

3. (Matlab) Reproduce Figure 1 on p. 72 and the Figures 4, 5 and 6 on p.
73. Explain what these graphs mean. Now decide whether these graphs are
plausible. For example, looking that the equations (4) on p. 71, is it plausible
that the population of Figure 1 dies off? Do the same analysis for Figures 4
and 5.

4. From these graphs it appears that for certain values of c and r there is a
stable equilibrium for the system. Is this the case? Decide when there is a
stable node or a spiral attractor. This is best done by a Jacobian argument,
but the algebra is elaborate. If you prefer, you can do this by experimentation
with Matlab for the system of problem 3. Be sure and present enough data to
justify your conclusion.



5. (Matlab) Do problem 7 on p. 74. This problem asks you to rewrite the
equations to compare the susceptible population with the infected population.
This is a longer problem.

The remaining questions concern the second type of disease, wherein the infected
members of the population recover and are then immune. We will assume the
population is stable; that is, the disease is short-lived and the total population
pool remains unchanged over the course of the disease.

6. Do problem 1 on p. 74; that is, develop the SIR model for this disease.

7. Do problem 2 on p. 74. This question, rephrased, asks you to show that
if the number of susceptibles is too small, the number of infected goes to zero.
What is the threshold value in terms of the parameters a and b?

8. (Matlab) Do problem 3 on p. 74. This tracks of the course of the German
measles over a period of thirty days.

9. (Matlab) Do problem 4 on p. 74. This is another illness over fifty days.

10. (Matlab) Do problem 5 on p. 74. Notice that you can actually find a
formula for I in terms of S if you are ambitious enough.

11. The goal of a vaccination program is to prevent the spread of disease by
moving members of the population from the susceptible pool to the recovered
pool without passing through the infected pool. We assume that the vaccination
rate is proportional to the susceptible population. (How realistic is this?) Show
that the SIR equations now become

S′ = −aSI − vS

I ′ = aSI − bI

R′ = vS + bI

where v a constant.

12. (Matlab) Now return to the German measles as in question 8. Take the
largest value of S(0), so there would be an outbreak without vaccination. Exper-
iment with values of v to find a vaccination rate which will prevent an epidemic.

There is a non-ODE question here which you can discuss if you like. (This
is an opportunity, not a requirement.) For most vaccinations, there is a very
small risk of very serious side effects. Suppose you don’t want to take this
risk. Then you can opt out of the vaccination and, if enough other people get
vaccinated, the analysis above shows that you will still have a very good chance
of not getting the disease. Of course, if enough other people follow this course,
the strategy will fail. This kind of problem falls under the general heading of
“Prisoner’s Dilemma”, which is in the field of game theory. There is an ethical
dimension as well, which takes us beyond mathematics. For a strategy of not
getting the vaccination to work for us, we must ask the population at large to
assume our share of the risk.


