
MATH 360-1, Fall 2010 MENU Applied Analysis
Test 2

Each question is worth 20 points.

1. Find the general solution of the following system of linear differential equa-
tions

x′ = 3x− 2y

y′ = 4x− y .

2. The following system of differential equations governs two species.

x′ = 4x− 4x2 + xy

y′ = 2y − y2 + xy .

a.) Are the two species in competition? Cooperation? Why?
b.) Draw and analyze the complete phase plane, showing where x′ = 0, where
y′ = 0 and the behavior of the direction fields in various parts of the first
quadrant. You should find and clearly label four different such areas.
c.) There is one equilibrium solution with x and y both postive. Find it and
decide, using a Jacobian argument, if it is stable or unstable.

3. Consider the following system of differential equations, with d > 0

x′ = −2x + dy + y2

y′ = −dx

a.) Show (0,−d) is an equilibrium and a saddle point.
b.) The origin (x, y) = (0, 0) is also an equilibrium solution. Suppose we know
it is a spiral attractor. Argue that d > 1.

4. We are given a system of two tanks, each holding a 100 liters of salt solution.
The total amount of salt in the two tanks at time t in minutes is given by y1(t)
and y2(t) and governed by the system of differential equations

y′
1 = −(1/25)y1 + (1/100)y2 + 60

y′
2 = (1/25)y1 − (1/25)y2 .

Suppose solution flows into tank 1 from the outside at a rate of 3 l/min. Justify
your answers to the following questions.
a.) What is the concentration of the salt solution coming into tank 1 from the
outside?
b.) How fast does solution flow from tank 1 to tank 2?
c.) How fast does solution flow from tank 2 to tank 1?
d.) How fast does solution flow from tank 2 to the outside?



Answers
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2.a.) The species are in cooperation as the coefficient of xy terms are positive.
b.) and c.) The nullclines are y = x + 2 and y = 4x− 4. The trajectories in the
first quadrant all go to the equilibrium at (2, 4) which is a stable node.

3. The Jacobian matrix for this system is

J(x, y) =
(
−2 d + 2y
−d 0

)
.

If (x, y) = (0,−d) then the characteristic polynomial of the associated matrix is

χ(λ) = λ2 + 2λ− d2.

This has roots of opposite sign:

−1±
√

1 + d2 .

If (x, y) = (0, 0) then the characteristic polynomial of the associated matrix is

χ(λ) = λ2 + 2λ + d2

with roots
−1±

√
1− d2.

To get a complex root we need d > 1.

4. The incoming solution has concentration 20 g/l. Solution flows from tank 1
to tank 2 at a rate of 4 l/min, from tank 2 to tank 1 at a rate of 1 l/min, and
from tank 2 to the outside at a rate of 3 l/min.


