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1. Determine whether each of the following statements is TRUE or FALSE. Justify your
answer.

(a) If the force field F(x, v, z) = (xy, —3yz, y*) acts on an object, moving it from (0, 0, 0)
to (1,1, —1) along the path (¢2, ¢, —#), then the work done by the force field is

1
f 3,364, %) - (2,1, - dt.
0
FALSE: The correct vector line integral is
1 1 1 2
fF(x(t))-x’(t)dt:f(t3,314,t2)-(2t,1,—3:2)dt:f 2t4dt:§.
0 0 0

o opl,s g, 1
The given integral is fo 3P dt = 7

(b) If C is the oriented path parametrized by x(t) = (4cost,4sint), for # < ¢t < 3m,
and F(x,y) = (¢ + 2y, 3x — sin(cos y)), then

SEF-ds:167r.
C

TRUE: The path x parametrizes the circle of radius 4 centered at the origin,
oriented counterclockwise, so if we let D be the disk enclosed by this curve, then
by Green’s theorem,

9§F - ds f f (£(3x — sin(cos y)) — ﬁ(exz + 2y)) dA = f f (3-2)dA
c p \0x dy D

Area D = n(4)* = 16n.



Math 290-3 Midterm Exam 2 Solutions Spring Quarter 2014 Page 3 of 9

(c) If F is a continuous vector field on R? such that F(x, y) is orthogonal to the vector
xi + yj for each (x,y) and C is parametrized by x(¢) = (z,1), for 1 <t < 4, then

fF~ds:O.
C

TRUE: By assumption F(t, ¢) is orthogonal to (¢, t) and therefore also orthogonal
to(1,1) =x'(¢f) foreach 1 <t <4, so

fF-ds:fF(t,t)-(l,l)dtszdtzO.
c 1 1
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2. Determine whether each of the following statements is ALWAYS true, SOMETIMES
true, or NEVER true. Justify your answer

(a)

(b)

Given an integer n > 0, the vector field
F(X, Y, Z) — (9ecos(nx+z)’ ynZn+l , yn+lzn + necos(nx+z))

has path-independent line integrals.

SOMETIMES: We have

i j k
0 0 0
Curl F = pp 0_y 7 =((n+ 1)y —(m+ 1)y"zZHi
9 ecos(nx+z) yn Zn+l yn+l Zn +n ecos(nx+z)

—  (n*(—sin(nx + 2))e* ) — 9(—sin(nx + 2))e*")j + (0 — 0)k

The first and third components are zero for any n, but for the second to be con-
stantly zero we need n> -9 = 0. So it’s true when n = 3, false otherwise.

Given a continuous vector field F on R? and a C! oriented curve C such that
fc F - ds > 0, F has the property that at every point along C, F points in the same
direction as the tangent vector to C at that point.

SOMETIMES: Let F(x,y) = (x,0) and let x(f) = (¢,0). Thenif 1 <t < 3,
Fx() - X'(1) = (1,0) - (1,0) = £ > 0

forall 1 <t <3 and we have fCF - ds = f13 tdt > 0. So this is an example where
the statement is true. If we use the exact same vector field and the same x(¢) but let
t range over [—1, 3], then at, for example, t = —1, F(x(¢)) = (-1, 0) which forms an
angle of 180° with (1,0) = x'(¢), and yet

3
fF-ds:f tdt=9/2-1/2=4>0.
c -1

So this provides an example where the statement is false.
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(c) Given two simple and closed C! paths C; and C in R? that do not pass through the
origin and are both oriented clockwise, we have

256 F-ds<9§F-ds<356 F-ds
C Ci C

where F(x,y) = , .
() (x2+y2 x2+y2)

NEVER: There are two possibilities for each curve C as above: It either encloses
the origin or does not. If it does not, then F is C' on the region enclosed by C, so

by Green’s theorem
9§F-ds= iff curl FdA,
c D

where D is the region enclosed by C. But

(X2 +y%) —2x?

(x% + y?)? (x% +y?)?

~(C+y) +2y

curl F = =0,

SO gch -ds = 0. If C does enclose the origin, then applying Green’s Theorem
implies that ﬁc F-ds = §c F - ds, where C’ is the clockwise path around the unit
circle, which is parametrized by (cos(—1), sin(—¢)), 0 < ¢ < 2. But

21 21
95 F-ds= (= sin(—t), cos(—1)) - (sin(—1), — cos(—1)) dt = f —1dt = -2n.
ol 0 0

Thus, each of the above integrals is either —27 or 0. Since 0 < 2(0), -2 > 3(—2n),
0 > 3(—2n), and —27 < 2(0), the inequality is never satisfied.
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3. Compute the scalar line integral of f(x,y) = xy* — 2x over the piece of the circle
x% +y? = 9 that lies in the first quadrant.

ANSWER: We can parametrize this curve with x(f) = (3 cost,3sin¢) for0 <t < m/2.
By definition the scalar line integral is then

/2 /2
f f(3cost,3sin?)|x (1) dt f [27(cos £)(sin? £) — 6 cos ] V9 cos? £ + 9 sin® £ dt
0 0

/2

bid
0

/2
3 f 27(cost)(sin® 1) — 6 cos rdt = 3 [9 sin®# — 6sin t]
0

39-6)-0=09.
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4. Xerxon the alien is in a spaceship when it suddenly begins to malfunction. At that

moment, the ship is at position (0,0, 0), moving at a speed of 5km/s in the direction
of the vector (0,0, —1). (Here, distances are in kilometers and time is in seconds.) Its

malfunctioning boosters then provide the erratic acceleration

(a)

(b)

a(r) = (wsin(nr), 1° cos(nt), 2) (in km/s%).
There is a small piece of space junk at the position (3,2, —6). When will Xerxon’s
spaceship collide with it?

ANSWER: We antidifferentiate to find Xerxon’s position function. First, we
have v(¢) = (- cos(nt) + ¢y, m(sin(nt) + c5, 2t + ¢3). The spaceship’s initial velocity
18 (0,0,-5) =v(t) = (=1 + ¢1,0 + ¢, 0 + ¢3), so we have

v(t) = (—cos(nt) + 1, n(sin(nt), 2t — 5).
Antidifferentiating again we get x(f) = (_71 sin(zt) +t+ky, — cos(nt)+ky, 1> =5t +k3).
And the initial position is (0, 0,0) = x(0) = (ky, =1 + k», k3), so

-1
x(t) = | — sin(nt) + t, — cos(nt) + 1,2 — 5¢].
T

To find when this is equal to (3,2, —6) we solve > — 5t = =6, or t* — 5t + 6 = 0,
which factors to (r—2)(t — 3) = 0. So there are only two possibilities. If # = 2, then
x(2) = ‘71 sin(27) + 2 = 2 # 3, so the first coordinate is not correct. If # = 3, then
x(3) = ‘71 sin(3r)+3 =3and y(3) = —cos(Bm)+1 =1+1=2,s0x(?) = (3,2, -6).
He hits the space junk after 3 seconds.

If the spaceship hits the junk while moving faster than 2 km/s, it will damage the
ship. Will Xerxon’s spaceship be damaged?

ANSWER: His speed at the time of impact is
VoIl = V22 + 02+ 12 = V5> V4 =2,

so Xerxon’s ship will be damaged.
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5. Consider the conservative vector field
F = (y22 + ¢ cos2)i + (xz> — € cos 2)j + 2xyz — ¢ sinz + Dk

(a) Find a potential function for F.

ANSWER: We must have f, = y?+e* ¥ cosz,s0 f = [ fidx = xyz*+e*” cos z+
g(y’ Z) Then
xz? — eV cosz = h= xz* — e cosz + 8

so g(y,2) = h(z). Also,
ZXyZ - ex—y SinZ +1= ‘fz = 2xyZ — ex—y SinZ + h,(Z),

so h(z) = z+ ¢, 50 f(x,y,2) = xyz> + e“ Y cosz+ zis a potential function.

(b) Compute the vector line integral of F over the curve consisting of the helix with
parametric equations X(#) = (cost,sint,t), 0 < t < 2r followed by the line segment
from (1,0, 27) to (0,0, 0).

ANSWER: The path begins at the point (1,0, 0) and ends at the point (0, 0, 0),
so since F = V£, the integral is

f0,0,0) - f(1,0,0) = 0+14+0)-0+e+0)=1-e.
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6. Let F(¢) = (¢¢ + xy* +y, e’ + x?y) and let C be the part of the parabola x = 1 — y? to the
right of the y-axis, oriented counterclockwise. Find fc F - ds.

ANSWER: The curl of F is much simpler than F itself, so we would like to apply Green’s
Theorem. The given curve is not closed so we have to “close it off” with the line segment
x(t) = (0,—t)for—-1 <r < 1.

In the picture on the right, the blue curve is

C, the red curve is the path x we’ve added 1
to “close it off,” and the shaded region is the
region enclosed by this new simple, closed,
piecewise C! curve. Since it is oriented so
that D lies to our left as we traverse the curve,
Green’s Theorem implies \/

fF-dS—f—fF-dS:ff(curlF)-de
C X D

So to compute the given integral, we need

only compute the vector line integral along x
and the integral of the curl over D. »

1 1
fF-ds = f (e +0—te' +0)-(0,-1)dt = f —e'dt=1[e"]', = 1/e—e.
X -1 -

1
o, ., 0o . 9
ff(curlF)-de ff(—(e’ + x7y) — —(e° + xy +y)) dA:ff(ny—ny—l)dA
D p\0x dy D

1 ply? 1 ys 1
ff —1dxdy:f(y2—1)dy:[——y]
-1Jo -1 3 y=—1

1/3-1)-(1/3+1)=2/3-2=-4/3.

Hence,

fF-dS:f (CurlF)-de—fF-dS:—4/3—(1/6—6)26—1/6—4/3.
C D X



