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@ Discrete Fourier Transform

DFT =
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@ Discrete Fourier Transform

1 27
DFT = — (en™¥
\/N <e " >0§T,w§N—1
o Compute:
f(0)
f = DFTIf]; f= : ; Fast!!
f(N—-1)
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@ Discrete Fourier Transform

1 27
DFT = — (env™¢
VN <e ' )ogr,wg/v—l
o Compute:
f(0)
f = DFTIf]; f= ; Fast!!
f(N—-1)

o Cooley-Tukey (1965): O(N -log(N)) operations!
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Solution:

(1) Heisenberg Group Representation

e H = C(Z,) — Hilbert space of digital signals.
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Solution:

(1) Heisenberg Group Representation

e H = C(Z,) — Hilbert space of digital signals.
o £:{0,....N—1} — C.

@ Basic operations
o Time shift: 1€ Zy,

L - H—H,
L[f](t) =f(t+7), t€Zy.
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Solution:

(1) Heisenberg Group Representation

e H = C(Z,) — Hilbert space of digital signals.
o £:{0,....N—1} — C.

@ Basic operations
o Time shift: 1€ Zy,
L - H—H,
L [f](t) =f(t+T), t € Zp.
e Frequency shift: w € Zy,
My :H — H,
Mo[f](t) = e T <tf(t).
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Solution:

(1) Heisenberg Group Representation

e H = C(Z,) — Hilbert space of digital signals.
o £:{0,....N—1} — C.

@ Basic operations
o Time shift: 1€ Zy,

L - H—H,
L[f](t) =f(t+7), t€Zy.

e Frequency shift: w € Zy,

My H — H
Mo[f](t) = e T <tf(t).

o Note:

2ri . . .
Mool =en“" . .0oM, — Heisenberg commutation relations
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Heisenberg Rep'n, cont.

o Combine: T,w,z € Zy

(T, w,z) = e lzwr+z} M, o L.
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Heisenberg Rep'n, cont.

o Combine: T,w,z € Zy
(T, w,z) = e lzwr+z} M, o L.
o ldentity:
1

P I / / rT
n(t,w,z)on(t ' Z)=n(t+7T, w4+ z+2z ol w

T w

)
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Heisenberg Rep'n, cont.

o Combine: T,w,z € Zy
(T, w,z) = e lzwr+z} M, o L.
o ldentity:
1

n(t,w,z)on(t W', 2') = 7T(T+TI'CU+CUI.Z+Z/+§ 7w

T w

)

@ Question. How to think on this?
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Heisenberg Rep'n, cont.

o Combine: T,w,z € Zy
(T, w,z) = e lzwr+z} M, o L.
o ldentity:
1

P I / / rT
n(t,w,z)on(t ' Z)=n(t+7T, w4+ z+2z ol w

T w

)

@ Question. How to think on this?
@ Answer. Heisenberg group:

o HZZN XZNX ZN;
—_——
Vv V4
° (v,z)-(v’,z’):(v+v',z+z’—|—%

v
v/ )i
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Heisenberg Rep'n, cont.

o Combine: T,w,z € Zy
(T, w,z) = e lzwr+z} M, o L.
o ldentity:
1

P I / / rT
n(t,w,z)on(t ' Z)=n(t+7T, w4+ z+2z ol w

T w

)

@ Question. How to think on this?
@ Answer. Heisenberg group:

e H=Zyny XZn X Zy ;
— =~
Vv Zz
° (Vlz).(v’,z’)—(v+v',z+zl+%‘VV/‘):
o (0,0):(v,z) =(v,2)-(0,0) = (v, z);
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Heisenberg Rep'n, cont.

o Combine: T,w,z € Zy
(T, w,z) = e lzwr+z} M, o L.
o ldentity:

1
7T(T,w,z)O7T(T/,aJ/,z/) — 7T(T+T/,w—|—wl,z—i—z/—{—§ T W

v W

).

@ Question. How to think on this?
@ Answer. Heisenberg group:

o HZZNXZNXZN;
——
Vv V4
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Heisenberg Rep'n, cont.

@ Summary: Heisenberg Rep'n

mw:H— GL(H);
27ti

(T, w, z) = eW 29Tz} Mo Ly
rt(h-h') = m(h)orm(h) — homomorphism.
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Heisenberg Rep'n, cont.

@ Summary: Heisenberg Rep'n

mw:H— GL(H);
27ti

(T, w, z) = eW 29Tz} Mo Ly
rt(h-h') = m(h)orm(h) — homomorphism.

Definition

A representation of a group H on a complex vector space H is a
homomorphism
m : H— GL(H),
wh-0) = m(h)omn(h).
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Heisenberg Rep'n, cont.

@ Summary: Heisenberg Rep'n

mw:H— GL(H);
27ti

(T, w, z) = eW 29Tz} Mo Ly
rt(h-h') = m(h)orm(h) — homomorphism.

Definition

A representation of a group H on a complex vector space H is a
homomorphism
m : H— GL(H),
wh-0) = m(h)omn(h).

@ Question. DFT ?
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(I1) Representation Theory

We say that (711, H, H1), (712, H, H2) are equivalent, 71y ~ 715, if

Jda:Hi—H, — Intertwiner,

such that for every h € H

7'[2(/7)
—_—

H> H>

i.e., worry(h) = ma(h)oun.
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(I1) Representation Theory

We say that (711, H, H1), (712, H, H2) are equivalent, 71y ~ 715, if

Jda:Hi—H, — Intertwiner,

such that for every h € H

7'[2(/7)
—_—

H> H>

i.e., worry(h) = ma(h)oun.

@ Example: DFT is an intertwiner!

Shamgar Gurevich (UW Madison)

May 13, 2012
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Rep'n Theory, cont.

o H=VxZ=2Zy x Zn X Zn
R W
T w V4
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Rep'n Theory, cont.

o H=VxZ=2Zy x Zn X Zn
R W
T w V4

e Time representation:  H7y = C(T)
{ nr:H— GL(HT);
7'[7'(

2mi

T,w,z) = ezt Mo Ly
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Rep'n Theory, cont.

o H=VxZ=2Zy x Zn X Zn
R W
T w V4

e Time representation:  H7y = C(T)

2mifl
T,w,z) = en 29T+2} . M, 0 L.

@ Frequency representation: Hw =C(W)
{ tw i H— GL(Hw);
7T|/V<

{ nr:H— GL(HT);
7'[7'(

27t 1
T,w,z)=eN {72972 Moo [,

May 13, 2012 8 /26
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Rep'n Theory, cont.

o H=VxZ=2Zy x Zn X Zn
R W
T w V4

e Time representation:  H7y = C(T)
nr:H— GL(Hr);
nr(t,w,z) = ezt Mo Ly
@ Frequency representation: Hw =C(W)

mw : H — GL(Hw);
T (T, w,z) = e {3972} Mo Ly,

o Fact:
DFT o 7t (h) = tw(h) o DFT,
where i ‘
DFT[fl(w) = —= Y f(r)et ™.

VN &,

May 13, 2012 8 /26
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(IIl) FFT Algorithm

o |dea:

fast
Hr 2 HA

slowlDFT H
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(IIl) FFT Algorithm

o |dea:

fast
Hr — HA

slowlDFT H

@ More representation theory:
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(IIl) FFT Algorithm

@ ldea:
fast
Hr HA
slowlDFT H
Hy «— HA
fast

@ More representation theory:

Definition
A rep'n (7t, H,’H) is irreducible if

P o£H CH

such that

n(h)-H' CH, VYheH
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FFT Algorithm: more RT

Theorem (Stone—von Neumann)

If (7'L'j, H, Hj), j = 1,2, are irreducible representations of the Heisenberg
group H=V x Z, with

i(z) = e W7 - ldy, Vz € Z,

then 111 ~ 75 are equivalent, i.e., 3 « : H1—H, such that

o O 7'[1(/7) = 7'(2(h) ow, VYheH. (1)
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FFT Algorithm: more RT

Theorem (Stone—von Neumann)

If (nj, H, Hj), j = 1,2, are irreducible representations of the Heisenberg
group H=V x Z, with

7Tj<Z) = e%Z . Ide, Vz e Z,

then 111 ~ 75 are equivalent, i.e., 3 « : H1—H, such that

aormy(h) =ma(h)oa, VheH. (1)

Theorem (Schur's lemma)

If 711 ~ 71> equivalent irreducible representations, and if a, &' satisfy
equation (1), then

/
« =c-wa', for some scalar c.
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FFT Algorithm: Models of Heisenberg Rep'n

(1) Time model: V O T = {(t,0); t € Zn}

TTT @ H — GL(HT).

(2) Frequency model: V O W = {(0,w); w € Zy}

Tw - H— GL(Hw).

DFT : Ht — Hw — unique (up to a scalar) intertwiner between 7Tt and
T -

Shamgar Gurevich (UW Madison)
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FFT Algorithm: Models of Heisenberg Rep'n

(3) W—invariant model:

Space:
f:H—C,
HY = f(w-h)=f(h), YweW, heH,
f(z-h)=eWz-f(h), YzeZ, heH.
Action:
™ H — GL(HY),
[ (H)f](h) = f(h-H').

@ Remark: We have a natural identification H7 = H", given by

fio Flwtz) = e 2. £(t).
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FFT Algorithm: Models of Heisenberg Rep'n

(4) T-invariant model:

Space:
g:H—C,
HT = g(t-h)=g(h), YteT, heH,
g(z-h)y=eWz-g(h), VzeZ heH.
Action:
{ 7" H— GL(HT),
(" (h)g](h) = g(h-H').

@ Remark: We have a natural identification Hy = H', given by

2mi

g g(twz) = e - g(w).
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FFT Algorithm: The Arithmetic Model

Examples
(5) Arithmetic model: N = p?

Lagrangian: V =Z/p> x Z/p> D A= {(p-a, p-b)}
Space:

27

F:H— C,
HA = F(A-h)=F(h), YAEA, heH,
F(z-h)y=en?-F(h), Yz€Z, he H.

Action:

i H— GL(H™), [r™(KW)F](h) = F(h-H).

@ Remark: We have a natural identification of H” with functions
F(x,y)on{0,..,p—1} x{0,....,p—1}

FrF(A-(x,y,0)-2) =e"? - F(x,y), A €A.
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Think on Lambda-invariant functions as functions on

{0,...,p-1} x {0,...,p-1}

A function F(x,y) on (x,y) € {0,...,4} x {0, ...,4}, p=5,
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FFT: The Algorithm

o Algorithm: Case N = p?

Hr —— Hw
p
sawl Tsaw
HW HT
Yaea f()\h)l? ?TZ:eT F(tw)
HA —— HA
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FFT: The Algorithm

o Algorithm: Case N = p?

DFT

Hr —— Hw
P
sawl Tsaw
HY HT
Yiea f()\h)l? ?TZ:eT F(tw)
HA —— HA

o Observation (the saving!): For f € H", if A\, A’ € A differ by an
element of W, i.e., A = wA, then

f(Ah) = f(wA'h) = f(A'h), VheEH.
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So for a fixed h it is enough to know the summands f(/\h), in the

transform, only for A € A/

FFT Algorithms




FFT Algorithm: The Saving

@ So we have

Y FAR = ¥ f(Ah)-#(ANW).
A€A AEA/[ANW]

Only p = p?/p = #(A/[A N W]) summands !!.
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FFT Algorithm: The Saving

@ So we have

Y AR = ¥ f(AR)-#ANW).
AEA AEA/[ANW]

Only p = p?/p = #(A/[A N W]) summands !!.
o Complexity of the algorithm

P> - p + pp =pp-(1+1)= p -N-log(N).
values of h summands  second operator constant
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FFT Algorithm: Schur's lemma

Denote the intertwiners by

FFTAW HW — HA and FFTTA HY — HT

o Why
DFT = FFTTA o FFTAW 7 (2)
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FFT Algorithm: Schur's lemma

Denote the intertwiners by
FFTAW o HY — HA, and FFTTA 1A — HT.
o Why
DFT = FFTTA o FFTAW 7 (2)

e In fact by Schur's lemma: Both sides of (2) intertwine 77"V and 77,
so
DFT =c-FFTT» o FFTAW

for some scalar c. Easy to compute ¢ = =.

o =
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Numerics for n=25

Start with the exponent function f(t) = eBt/50n T =27/25

Shamgar Gurevich (UW Madison) May 13, 2012 22 /26



Numerics for n=25 : FFT(f)

Apply FFT and get g(w) = FFT[f](w) on W =Z/25

Indeed this is g(w) = d1(w).
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FFT Algorithm: General

o N=pk k>1
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FFT Algorithm: General

o N=pk k>1
o V=27/pkx7Z/p*
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FFT Algorithm: General

o N=pk k>1
o V=27/pkx7Z/p*
e Good Lagrangian sequence ("interpolating" W and T)

Ae: AN ={(p"7-ap-b)}, j=0, .k,
with LARGE intersections
# NN A =p
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FFT Algorithm: General

o N=pk k>1
o V=27/pkx7Z/p*
e Good Lagrangian sequence ("interpolating" W and T)

Ae: AN ={(p"7-ap-b)}, j=0, .k,
with LARGE intersections
# NN A =p
o FFT Algorithm

) T.A
N FFT—A>1WHA1 NI 9.V FFTT T
DFT = L FFTTMcio... o FFTMW,
/ pk
with complexity
k k k
P Ak #N/(NOA) = p o P -log(pY).
—~— S~~~ N N S ——
values of b k operators p summands constant N log(N)
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Conclusion and Open Problem

» Conclusion
Ao = Cooley-Tukey FFT
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Conclusion and Open Problem

» Conclusion
Ao = Cooley-Tukey FFT

o Open Problem

Apew = new FFTI!!
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THANK YOU
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