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DZ(AY) ~ C(Fg).
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Motivation - GEOMETRIC WEIL REP'N

o Want
Geometric Weil Rep'n  ~~ p.

o Application: For SL;(IFq) D T, ¢, € Hy,

‘<§0X : n(r,w)qox>‘ < (T, w) € Fy x Fy — (0,0).

Bl

g =199
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(I) WEIL REPRESENTATION

@ Heisenberg Representation

o (V,Q) - 2n-dimensional symplectic vector space over k = FFg,

char# 2.
o H = H(V) — Heisenberg group
o H=V xk;

° (v,z)~(v',z') = (v+v’,z+z'+%0(v,v’)).
o 1#1p: k— C* - additive character.

Theorem (Stone-von Neumann)

There exists a unique (up to ~) irreducible representation
m:H— GL(H) s.t. m(z) =9(2) - ldy, z € Z(H) = k.

Heisenberg rep'n
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WEIL REPRESENTATION

n=1 V =kxk, H=C(k),
o [11(7,0,0)f](t) = f(t+T);
o [1t(0,w,0)f](t) = Pp(wt)f(t);
o [11(0,0,2)f](t) = p(2)f(t).

o Weil Representation (Weil '64): Take g € Sp(V) = Sp, then

°
plg)
n—=mné(v,z) = m(gv,z),

i.e.,

p(g)m(h)p(g)™" = m(g[h]), for every he H. (1)
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p:Sp — GL(H) — "Weil representation”,
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There exists a unique representation
p:Sp — GL(H) — "Weil representation”,

that satisfies (1).

Problem

Formula for p 7
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Weil Rep’'n - FORMULA

e Formula for A € End(H)?
@ Weyl Transform

° C(H,*lp_l) = EndO(H);

S

o W(A)[h] = gt Tr(An[h~1]).
o Kernel of Weil Rep'n
{ K:SpxV —C,
K(g.v) = W(p(g))[v].
O n[K(g. )] = VGZV K(g v)m(v) = p(g).
Q K(g1,')*K(g2, ') = K(g182,")-
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Weil Rep’'n - FORMULA

e Formula for A € End(H)?
@ Weyl Transform

° C(H,*lp_l) % EndO(H);
o W(A)[h] = gt Tr(An[h~1]).
o Kernel of Weil Rep'n
{ K:SpxV —C,
K(g.v) = W(p(g))[v].
O n[K(g. )] = VGZV K(g v)m(v) = p(g).
Q K(g1,')*K(g2, ') = K(g182,")-

© Formula (G-Hadani): On U = {g € Sp; det(g — /) # 0}
Klg.v) = o - ol(-1)" det(g — )] - 910 v, ).

@ Proof. Geometric Weil Rep'n.
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o Geometrization (Grothendieck)

o Nice set

@ X — Algebraic variety over k = IF,.

e Frn X.
o X = XFr = X(k).

o Nice function

(-adic Weil sheaf
]:

Shamgar Gurevich (Madison)
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(I1) Geometric Weil Rep'n - GEOMETRIZATION

o Geometrization (Grothendieck)
o Nice set

@ X — Algebraic variety over k = IF,.
o fr~ X.
o X = XFr = X(k).

o Nice function

"]
{-adic Weil sheaf
" F
Fr~ | ——=——=— > 7 X = C.
X sheaf-to-function

e Fr: fX:fFr(x)'
o fF(x)=Tr(Fr~ Fx), x € X.

Shamgar Gurevich (Madison)
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Geometrization - EXAMPLES

@ Examples
Q@ X =A% Fr(x) =x9, A'(k) = k, p : k — C* - additive character,

Artin=Schreier sheaf

Ly
Fr ~ = > =y
Al sheaf-to-function

Q X =G, Fr(x) =x9, Gp(k) = k*, x : k* — C* — multiplicative

character,
Kummer sheaf
‘C?(
Fro | —— > =y
Gnm sheaf-to-function
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GEOMETRIC WEIL REP'N

o Weil rep'n kernel
SpxV (k)

—
K:S5pxV —C.

Theorem (GWR, G-Hadani, Deligne)

There exists a geometrically irreducible [dim Sp|-perverse Weil sheaf KC on
Sp x V of pure weight zero with

@ Multiplicativity. Canonical isomorphism 6 : K(g1,-)* K(g2,-)=K(g182, ).
@ Function. f* = K.
© Formula. On U x V

K(g:v) = Loj(—1)ndet(g—1))] ® £¢[Q(§+;V 1201 (n).
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(111) APPLICATION — Pseudo-Randomness of Weil

Eigenfunction

e p:SLy(k) — GL(H), H =C(k).
e T C SLy(k) maximal torus

p:T~H= @ H,y.

x:T—C*

o dimHy =19, € Hy, o] =1
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(111) APPLICATION — Pseudo-Randomness of Weil

Eigenfunction

e p:SLy(k) — GL(H), H =C(k).
e T C SLy(k) maximal torus

p:TH= @& H,.
x:T—C*

o dimHy =19, € Hy, o] =1

Theorem (Pseudo-randomness, G-Hadani)
For v # 0 we have
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o Py = # ETX(gfl)p(g) — Projector onto H,.
g

@ {7gx 0) = THP(W) = gt £ ale ™) Trlp(e)(v)

o Show

o (2) Geometric Weil rep'n.
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Pseudo-Randomness — PROOF

o (1) Linear algebra.
°o Py = # Y. x(g 1)p(g) - Projector onto H,.
geT
o ()9, ) = TH(Pe(v)) = gy T x(e™) Trple)(v).
g

o Show

o (2) Geometric Weil rep'n.

o F=fF F= Ly ® IC‘T - explicit line bundle on T with flat
connection.
e F has non-trivial monodromy.
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e (3) Topology.
Theorem (Deligne, Weil Conjectures 1)
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Then
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Pseudo-Randomness — PROOF

e (3) Topology.
Theorem (Deligne, Weil Conjectures 1)

X/Egy, dimX =1, (F,<7) (Hermitian) line bundle with flat connection.
Then

r 7 (x)

xeX

<c /g,

iff F has non-trivial monodromy.

o In our case F is explicit. Can compute ¢ = 2.
@ Done!

<7t(v)qox , qox> , g =199
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