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ABSTRACT. We consider the zeros on the boundary 9Q of a Neumann eigenfunction ¢y, of
a real analytic plane domain Q. We prove that the number of its boundary zeros is O(\;)
where —Apy; = /\5@ ;- We also prove that the number of boundary critical points of either
a Neumann or Dirichlet eigenfunction is O(};). It follows that the number of nodal lines
of ¢y, (components of the nodal set) which touch the boundary is of order \;. This upper
bound is of the same order of magnitude as the length of the total nodal line, but is the
square root of the Courant bound on the number of nodal components in the interior. More
generally, the results are proved for piecewise analytic domains.

1. INTRODUCTION

This article is concerned with the high energy asymptotics of nodal lines of Neumann
(resp. Dirichlet) eigenfunctions ¢y, on piecewise real analytic plane domains © C R2:

—Apy; = Ajpy, in

(1.1)
Oypr; = 0 (resp. py, = 0) on 09,

Here, 0, is the interior unit normal. We refer to A; as the ‘frequency’ and note that the
Laplace eigenvalue is A? (unlike [DF, L] and some other references). We denote by {ea, }
an orthonormal basis of eigenfunctions of the boundary value problem corresponding to the
eigenvalues A3 < A3 < A\%--. enumerated according to multiplicity. The nodal set

N, = {2 €95 1, (2) = 0}

is a curve (possibly with self-intersections at the singular points) which intersects the bound-
ary in the set N,, N9 of boundary nodal points. The motivating problem of this article is
J

the following: how many nodal lines (i.e. components of the nodal set) touch the boundary?
Since the boundary lies in the nodal set for Dirichlet boundary conditions, we remove it from
the nodal set before counting components. Henceforth, the number of components of the
nodal set in the Dirichlet case means the number of components of ./\/'%j\aQ.

In the following, and henceforth, Co > 0 denotes a positive constant depending only on
the domain €2.

THEOREM 1. Let € be a piecewise analytic domain and let naa(N;) be the number of com-
ponents of the nodal set of the jth Neumann or Dirichlet eigenfunction which intersect OS).
Then there exists Cq such that nga(A;) < Col;.
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For generic piecewise analytic plane domains, zero is a regular value of all the eigenfunc-
tions ,,, i.e. Vi, # 0 on ij [U]; we then call the nodal set regular. Each regular nodal
set decomposes into a disjoint union of connected components which are homeomorphic ei-
ther to circles contained in the interior 2° of {2 or to intervals intersecting the boundary in
two points. We term the former ‘closed nodal loops’ and the latter ‘open nodal lines’. Thus,
we are counting open nodal lines. Such open nodal lines might ‘percolate’ in the sense of [Ze]
(i.e. become infinitely long in the scaling limit @ — A;Q), or they might form /\j_1 -‘small’
half-loops at the boundary.

For the Neumann problem, the boundary nodal points are the same as the zeros of the
boundary values @y, |aq of the eigenfunctions. The number of boundary nodal points is thus
twice the number of open nodal lines. Hence we can count open nodal lines by counting
boundary nodal points. In the Neumann case, our result follows from:

THEOREM 2. Suppose that Q C R? is a piecewise real analytic plane domain. Then the
number n(\;) = #N%]- N O of zeros of the boundary values @y, |oq of the jth Neumann

eigenfunction satisfies n(\;) < Cql;, for some Cq > 0.

This is a more precise version of Theorem 1 in cases such as integrable billiard domains
(rectangles, discs, ellipses) where the entire nodal set is connected due to the large grid of
self-intersection points of the nodal set. The analogous result in the Dirichlet case is stated
in Corollary 4. Counting boundary nodal points of eigenfunctions has obvious similarities
to measuring the length of the interior nodal line, and our results show that the order of
magnitude is the same. We recall that S. T. Yau conjectured that in all dimensions, the
hypersurface volume should satisfy c); < H”_l(./\fwj) < C\; for some positive constants

¢, C' depending only on (M, g) [Y1, Y2]. The lower bound was proved in dimension two
for smooth domains by Briining-Gomes [BG] and both the upper and lower bounds were
proved in all dimensions for analytic (M, g) by Donnelly-Fefferman [DF, DF2] (see also [L]).
For general C*° Riemannian manifolds (M, ¢) in dimensions > 3 there are at present only
exponential bounds [HHL, HS]. Our methods involve analytic continuation to the complex
as in [DF, DF2, L], and it is not clear how to extend them to C*° domains.

In comparison to the order O();) of the number of boundary nodal points, the total
number of connected components of ./\/%j has the upper bound O(/\?) by the Courant nodal

domain theorem. Here, and henceforth, the notation A(A\) = O(g(\)) means that there
exists a constant Cq > 0 independent of A such that A(\) < Cqg(A). Only in very rare
cases is it known whether this upper bound is achieved (in terms of order of magnitude).
When the upper bound is achieved, the number of open nodal lines in dimension 2 is of one
lower order in A; than the number of closed nodal loops. This effect is known from numerical
experiments of eigenfunctions and random waves [BGS, FGS|. The only rigorous result we
know is the recent proof in [NS] that the average number of nodal components of a random
spherical harmonic is of order of magnitude )\?. In special cases, the number of connected
components can be much smaller than the Courant bound, e.g. two or three for arbitrarily
high eigenvalues [Lew].

Our methods also yield estimates on the number of critical points of ¢y, which occur on
the boundary. We denote the boundary critical set by

Cor, = {a € 02 (dpa;)(q) = 0}
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In the case of Neumann eigenfunctions, ¢ € Cp, <= d(px;lon(q)) = 0O since the

normal derivative automatically equals zero on the boundary, while in the Dirichlet case
q€Cyy, d,¢x,(q) = 0 since the boundary is a level set.

A direct parallel to Yau’s conjecture for interior critical points of generic analytic metrics
would be the Bézout bound #ij < CoA} in dimension n, and )\?_1 for boundary critical
points. However, this bound is unstable since the critical point sets do not even have to
be discrete when the eigenfunctions have degenerate critical points, and the true count in
the discrete case might reflect the size of the determinant of the Hessian at the critical
point. Note that there is no non-trivial lower bound on the number of interior critical points
[JN]. Related complications occur for boundary critical points. For instance, the radial
eigenfunctions on the disc are constant on the boundary; thus, boundary critical point sets
need not be isolated. We therefore need to add a non-degeneracy condition on the derivative
(e by la) to ensure that its zeros are isolated and can be counted by our methods.

We phrase the condition in terms of the Pompeiu problem and Schiffer conjecture, which
asserts the disc is the only smooth plane domain possessing a Neumann eigenfunction which
is constant on the boundary. In [Ber]) it is proved that the disc is the only bounded simply
connected plane domain possessing an infinite sequence of such Neumann eigenfunctions. We
say that the Neumann problem for a bounded domain has the asymptotic Schiffer property
if there exists C' > 0 such that, for all Neumann eigenfunctions ¢y, with sufficiently large A;,

19px llz200) o —cn, (1.2)

;12200

Here, the L? norms refer to the restrictions of the eigenfunction to 9. It seems plausible
that Berenstein’s result might extend to this asymptotic Schiffer property, i.e. that the disc
is the only example where (1.2) fails for an infinite sequence.

THEOREM 3. Let Q C R? be piecewise real analytic. Suppose that ©x,loa satisfies the asymp-
totic Schiffer condition (1.2) in the Neumann case. Then the number of n.pip(N;) = #Con,
of critical points of a Neumann or Dirichlet eigenfunction @y, which lie on 0 satisfies
Nerit(Aj) < CaA; for some Co > 0

This is apparently the first general result on the asymptotic number of critical points
of eigenfunctions as A\; — oco. Our results on boundary critical points give some positive
evidence for the Bézout upper bound in the analytic case, and simple examples such as
the disc show that there does not exist a non-trivial lower bound (see §2). In general,
counting critical points is subtler than counting zeros or singular points (i.e. points where
©x, (7) = dpy,(x) = 0; see [HS, HHL]).

In the case of Dirichlet eigenfunctions, endpoints of open nodal lines are always boundary
critical points, since they must be singular points of ¢,,. Hence, an upper bound for n. ¢ (A;)
also gives an upper bound for the number of open nodal lines.

COROLLARY 4. Suppose that Q C R? is a piecewise real analytic plane domain. Let naq();)
be the number of open nodal lines of the jth Dirichlet eigenfunction, i.e. connected compo-
nents of {¢x, = 0} C Q° whose closure intersects 0S). Then there exists Cq > 0 such that
nag()\j) S CQ)\]
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The question may arise why we are concerned with piecewise analytic domains Q? C R2.
By this, we mean a compact domain with piecewise analytic boundary, i.e. 02 is a union of
a finite number of piecewise analytic curves which intersect only at their common endpoints
(cf. [HZ]). Our interest in such domains is due to the fact that many important types of
domains in classical and quantum billiards, such as the Bunimovich stadium or Sinai billiard,
are only piecewise analytic. Their nodal sets have been the subject of a number of numerical
studies (e.g. [BGS, FGS]). More generally, it is of interest to study the nodal distributions of
piecewise analytic Euclidean plane domains with ergodic billiards, which can never be fully
analytic.

The results stated above are corollaries of one basic result concerning the complex zeros and
critical points of analytic continuations of Cauchy data of eigenfunctions. When 02 € C*,
the eigenfunctions can be holomorphically continued to an open tube domain in C? projecting
over an open neighborhood W in R? of Q which is independent of the eigenvalue. We
denote by Q¢ C C? the points ( = x4 i§ € C*> with € Q. Then ¢, () extends to a
holomorphic function @Ej (¢) where z € W and where |£| < €, for some ¢y > 0. We mainly
use the complexifications to obtain upper bounds on real zeros, so are not concerned with
the maximal €y, i.e. the ‘radius of the Grauert tube’ around 0f2, and do not include the
radius in our notation for the complexification.

Assuming 02 real analytic, we define the (interior) complex nodal set by

N, ={¢ e Qe 95, (Q) =0},
and the (interior) complex critical point set by
Cg, = {C € Qc:dgf (¢) = 0}.

We are mainly interested in the restriction of go‘fj to the complexification (99Q)c of the
boundary, i.e. the open complex curve in C? obtained by analytically continuing a real
analytic parameterization @ : S' — 9€Q. The map @ admits a holomorphic extension to an
annulus A(e) (see (3.2)) around the parameterizing circle S* and its image Qc(A(e)) C C?
is an annulus in the complexification of the boundary; it is analogous to a Grauert tube
around the real analytic boundary in the sense of [GS1, LS1]. We then define the boundary
complex nodal set by

N = {¢ € 09 : &5, (¢) = 0},
and the (boundary) complex critical point set by
€l = {¢ € 09 : dyf (¢) = 0}

More generally, we may assume 0f) is piecewise real analytic and holomorphically extend
eigenfunctions to the analytic continuations of the real analytic boundary arcs. The radii of
these analytic continuations of course shrink to zero at the corners.

THEOREM 5. Suppose that Q C R? is a piecewise real analytic plane domain, and denote by
(00Q)¢ the union of the complexifications of its real analytic boundary components.
(1) Let n(X;,00¢) = #NZPc. Then there exists a constant Co > 0 independent of the
J
radius of (0Q)¢ such that n(A;, 0Qc) < Col;.
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(2) Suppose that the Neumann eigenfunctions satisfy (1.2) and let n.pjp(N;, 00c) =
#Cg?fc. Then there exists Cq > 0 independent of the radius of (0Q)c such that

Nepit(Aj, 0Qc) < Caj.

The theorems on real nodal lines and critical points follow from the fact that real zeros
and critical points are also complex zeros and critical points, hence

77,()\]) S n()\j, aQ((j)7 ncrit()\j) S ncrit()\j, aQ((j) (13)

All of the results are sharp, and are already obtained for certain sequences of eigenfunctions
on a disc (see §2). If the condition (1.2) is not satisfied, the boundary value of ), must
equal a constant C; modulo an error of the form o(e=“*). It is very likely that this forces
the boundary values to be constant, but it would take us too far afield in this article to prove
it.

Although our main interest is in counting open nodal lines, the method of proof of Theorem
5 generalizes from 0f) to a rather large class of real analytic curves C' C §2, even when 0f2 is
not real analytic. Let us call a real analytic curve C' a good curve if there exists a constant
a > 0 so that for all \; sufficiently large,

lexllzo0) _ o,

< (1.4)
o1 z2 )

Here, the L? norms refer to the restrictions of the eigenfunction to C' and to 9. The
following result deals with the case where C' C 0f) is an interior real-analytic curve. The
real curve C' may then be holomorphically continued to a complex curve Cc C C? obtained
by analytically continuing a real analytic parametrization of C.

THEOREM 6. Suppose that Q C R? is a C™ plane domain, and let C C Q be a good interior
real analytic curve in the sense of (1.4). Let n(\;,C) = #./\/'%j N C be the number of

intersection points of the nodal set of the j-th Neumann (or Dirichlet) eigenfunction with C'.
Then there ezists Ac,q > 0 depending only on C,Q such that n(\;, C') < Ac o).

Although the upper bounds are sharp for some domains, we do not present necessary or
sufficient conditions on a domain that the bounds on zeros or critical points are achieved on
that domain for some sequence of eigenfunctions. We do not know any domain for which
they are not achieved, but there are few domains where the bounds can be explicitly tested.
The boundary (or rather its unit ball bundle) is naturally viewed as a kind of quantum ‘cross
section’ of the wave group [HZ]. The growth rate of the modulus and zeros of Cauchy data
of complexified eigenfunctions depend on what kind of ‘cross section’ the boundary provides.
In work in progress, we show that at least for some piecewise analytic domains with ergodic
billiards, the the number of complex zeros of gp‘fj laae s ~ CA;. It seems that this asymptotic
reflects the fact that the boundary is a representative cross section in this case.

We note that some of the methods and results of this paper are restricted to dimension
two. In higher dimensions, zeros of the Cauchy data are not isolated and we would have to
count numbers of components of the boundary nodal set. This seems inaccessible at present.

The organization of this article is as follow: In §3, we use the layer potential representations
of Cauchy data of eigenfunctions, or equivalently the representation in terms of the Calderon
projector, to analytically continue eigenfunctions. The analytic continuation of the layer
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potential representation has previously been studied by Vekua [V], Garabedian [G], and in
the form we need by Millar [M1, M2, M2]. The analytic continuation is somewhat subtle due
to the presence of logarithms in the layer potentials, and does not appear to be well-known; so
we present complete details (which are sometimes sketchy in the original articles) in Appendix
8. In §4, we relate growth of complex zeros to growth of the log modulus of the complexified
eigenfunctions. In §5 - §6, we prove the main results. The complexified layer potential
representation is used to obtain an upper bound on the growth rate of the complexified
eigenfunctions go‘fj in a fixed complex tube around the boundary as A\; — 0o. The estimate
is simpler for interior curves (§5) since on the boundary the analytic continuation involves a
Volterra operator that must be inverted. Almost the same method gives analogous results
on critical points; for the sake of brevity, the argument is only sketched in §7. Finally, for the
benefit of the reader, in Appendix 9 we collect all the special functions formulas for Bessel
and Hankel functions that are used in §3 and §5 - §6.

We would like to thank P. Ebenfelt, L. Ehrenpreis, C. Epstein, P. Koosis and M. Zworski for
informative discussions of analytic continuations of eigenfunctions and logarithmic integrals.

2. EXAMPLES

We begin with examples illustrating the issues we face. Eigenfunctions are only computable
in (quantum) completely integrable cases, and at present the only known examples are the
unit disc, ellipses and rectangles. It is a classical conjecture of Birhoff that ellipses are the
only smooth Euclidean plane domains with integrable billiards, so one does not expect further
explicitly computable examples. In addition, one can construct approximate eigenfunctions,
or quasi-modes for many further domains [BB]; it is plausible, although it is not proved here,
that our results extend to real analytic quasi-modes.

2.1. The unit disc D. The unit disc shows that there do not exist universal lower bounds
on the number of boundary nodal points in terms of the frequency A;.

The standard orthonormal basis of real valued Neumann eigefunctions is given in polar
coordinates by @mn(r,0) = Cppsinmb.Jy, (4, ,7), (xesp. Cpypn cosmby(jy, 7)) where j,, .
is the nth critical point of the Bessel function J,, and where C,, ,, is the normalizing constant.
The A-eigenvalue is A2, , = (jr,,)°. The parameter m is referred to as the angular momen-
tum. Dirichlet eigenfunctions have a similar form with j;, , replaced by the nth zero jy, , of
Jm. Nodal loops correspond to zeros of the radial factor while open nodal lines correspond
to zeros of the angular factor.

If we fix m and let A,,,, — oo we obtain a sequence of eigenfunctions of bounded angular
momentum but high energy. In the sin case (e.g.), the open nodal lines consist of the union
of rays C,,, = {0 = %, k=0,..., ’”T’l} through the mth roots of unity. Hence, for each
m there exist sequences of eigenfunctions with A\ — oo but with m open nodal lines; hence,
there exists no lower bound on the number of nodal lines touching the boundary in terms of
the energy. This example also shows that there cannot exist a general unconditional result
counting intersections of nodal lines with interior curves, since ¢, ,|c,, = 0 and hence the
‘number’ of nodal points on the interior curve C,, is infinite. In particular, C,, is not ‘good’
in the sense of (1.4).

At the opposite extreme are the whispering gallery modes which concentrate along the
boundary. These are eigenfunctions of maximal angular momentum (with given energy),
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and \,, ~ m. As discussed in [BB], they are asymptotically given by the real and imaginary
parts of s Ai,(p~/3\1%y). Here, Aiy(y) := Ai(—t, + y) where Ai is the Airy function
and {—t,} are its negative zeros. Also, s is arc-length along 0D, p is a normalizing constant
and y = 1 — r. Whispering gallery modes saturate the upper bound on the number of open
nodal lines.

2.2. An ellipse. A new feature in comparison to the disc is the existence of Gaussian beams
along the minor axis, which is a stable elliptic bouncing ball orbit. The modes oscillate along
the minor exis and have Gaussian decay in the tranvserve direction; thus, they are highly
localized along the minor axis. Such bouncing ball modes do not exist in the disc and occur
when m is fixed and n — oo.

We express an ellipse in the form x? + 1312 =1, 0<a<1,withfociat (z,y) = (£a,0).
We define elliptical coordinates (¢, p) by (z,y) = (acosp cosh p, asin psinh p). Here, 0 <
p < pmax = cosh ™t a1, 0 < ¢ <27 The lines p = const are confocal ellipses and the lines
@ = const are confocal hyperbolae. The foci occur at ¢ = 0,7 while the origin occurs at
p=0,0=3.

The eigenvalue problem separates into a pair of Mathieu equations,

2 2 2 _ 2
0,Gmn — ¢ cos” OGmn = =N, ,Gmn

(2.1)
PF — c*cosh® pFn = A2, P

where ¢ is a certain parameter. The eigenfunctions have the form W, ,,(¢, p) = CrunFmn(p) -
Gn(p) where, F, . (p) = Cep(p, 29) and Gn(p) = cen(p, #2¢) (and their sin analogues).
Here, ce,,, Ce,, are special Mathieu functions (cf. [C] (3.10)-(3.2)). The Neumann or Dirich-
let boundary conditions determine the eigenvalue parameters k,c. The nodal lines are of
course given by {Gy,., = 0} U{F,,, = 0}. For more details and computer graphics of elliptic
bouncing ball modes we refer to [C]; the original work was done by Keller-Rubinow.

The eigenfunctions which are the Gaussian beams are characterized as follows: Since the

minor axis is
T
I={(p.¢) € [0, pma] x [0,27]; o = =}

one looks for eigenfunctions with mass concentrated along this interval. Consider the ex-
tremal energy levels that satisfy

XNt = 1+ 0(A0)-

One rewrites (2.1) in the form:

A2 052G + (NP cos? o — 1)Grp = 0

m,n= e

X200 Fo 4 (A0, cosh® p+1)F,,,, =0

m,n=-p
Given the choice of energy level,
At cos” o — 1 =cos” o — 14+ O(N,},) = —sin®(p) + O(\,),).

The potential V;(p) = cos? ¢ — 1 has a nondegenerate minimum at ¢ = Z- So, the solutions
G = G, to the first equation in (2.2) are asymptotic to ground state Hermite functions.
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More precisely,
Gm,n(@? )\m,n) = Cm,n(Am,n)e_Am’n cos? lp(l + O()\;:n)) (23)
In the second equation in (2.2) the potential is Va(p) = cosh®’p + 1 + O(X;1) > 0 for

m,n

Am.n = Ao sufficiently large. In this case the solution has purely oscillatory asymptotics:

Fon (p; )‘m,n) — erman J§V cosh? x+1dza+ (,0; /\m’n) 4+ e~ PAman J& / cosh? wtlde (p; A ) (2‘4)

m,n
where a4 (p; Amn) ~ 372 ax j(p)),7, are determined by the Dirichlet or Neumann boundary
conditions. Moreover, from the L*-normalization condition [, [W,,,.(p, 5)|*dp = 1 it follows

that Cop(Amn) ~ A

From (2.3) and (2.4), the Gaussian beams are roughly asymptotic to superpositions of
eihse=Amny® (cf. [BB]), where s denotes arc-length along the bouncing ball orbit and y
denotes the Fermi normal coordinate. It follows that outside a tube of any given radius
€ > 0, the Gaussian beam decays on the order O(e~*¢’). Hence on any curve C' which is
disjoint from the bouncing ball orbit, the restriction of the Gaussian beam to C saturates
the description of a ‘good’ analytic curve.

Remark:

In the case of circles and ellipses, it is elementary to obtain the analytic continuations
of the boundary values of Neumann eigenfunctions to the complexification of the boundary.
One sees that the growth rate of the analytic continuations are determined by the angular
momenta of the eigenfunctions, i.e. the eigenvalue of the boundary Laplacian, and not by the
interior eigenvalue. This suggests that the growth rate of boundary values of eigenfunctions
and of their analytic continuations should be estimated in terms of a ‘boundary frequency
function’.

3. HOLOMORPHIC EXTENSIONS OF EIGENFUNCTIONS TO (GRAUERT TUBES

It is classical that solutions of the Helmholtz equation on a Euclidean domain are real
analytic in the interior and hence their restrictions to interior real analytic curves admit
holomorphic extensions to the complexification of the curves. A classical presentation can
be found in [G] §5.2, and to some extent we try to conform to its notation; see also [MN,
S, Mor, V]. Moreover, the Cauchy data along the boundary of eigenfunctions satisfying
Dirichlet or Neumann boundary conditions admit analytic continuations into a uniform tube
in the complexification of the boundary, independent of the eigenvalue. We now use integral
representations for the analytic continuations to obtain upper bounds for the growth rate of
the complexified Cauchy data of eigenfunctions in a fixed Grauert tube of interior curves or
curves on the boundary as A\; — oo.

3.1. Complexification of domains () and their boundaries 0€). When (M, g) is a real
analytic Riemannian manifold without boundary, then there exists a complexification M¢ of
M as an (open) complex manifold, and Laplace eigenfunctions extend to a maximal tube in
Mc. This has been studied in [Bou, GS1, GS2, GLS, Z] using the analytic continuation of
the geodesic flow and wave group. The notion of maximal tube depends on the construction
of a special plurisubharmonic exhaustion function p adapted to the metric g in the sense
that i90p restricts to the totally real submanifold M C Mc as g. The function /p(t) is the
distance from t to t.
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The analogous results for manifolds with boundary have not apparently been studied
before. In this section, we study the complexification of the boundary and analytic contin-
uations of the Cauchy data of eigenfunctions on the boundary (or on interior curves) for
domains € C R? with the Euclidean metric. The complexification of the ambient space is of
course C? and its Grauert tube function is |3¢|. The novel features concern the influence of
the boundary on analytic extensions of eigenfunctions.

We adopt the following notation from Garabedian [G] and Millar [M1, M2]: We denote
points in R? and also in C? by (z,y). We further write 2 = x + iy, 2* = x — iy. Note that
z,z* are independent holomorphic coordinates on C? and are characteristic coordinates for
the Laplacian, in that the Laplacian analytically extends to %@1*' When dealing with kernel
functions of two variables, we use (£, 7) in the same way as (x,y) for the second variable.

When the boundary is real analytic, the complexification 92 is the image of the analytic
continuation of a real analytic parameterization. To simplify notation, unless indicated oth-
erwise, we will assume that the length of 9€) is 2r. We denote a real analytic parametrization
by arc-length by Q : S* — 09Q ~ C, and also write the parametrization as a periodic function

q(t) = Q(e™) : [0,27] — 0Q (3.1)

on [0,27]. We then put ¢(s) = qi(s) +iga(s), G(s) = q1(s) — iga(s).
We complexify 052 by holomorphically extending the parametrization to Q€ on the annulus

Ale) :={t € Cie “ < |t| < €}, (3.2)

for € > 0 small enough. Note that the complex conjugate parameterization () extends
holomorphically to A(e) as Qf. Throughout the paper, the subscript ¢ or superscript ©
denotes the holomorphic continuation of a curve or function; when no confusion can arise,
we sometimes omit the sub or superscript for notational simplicity. The ¢(¢) parametrization
analytically continues to a periodic function ¢®(t) on [0, 27] + i[—¢, €].

Next, we put r*((z,y);(&,n)) = (§ —2)* + (n —y)®. For s € R and t € C, we have
a(s) = €(s)+in(s), q(t) = o(t)+iy(t), ¢*(t) = 2(t)—iy(t) and we write 12(s, 1) = r2(q(s); a(t)).

Thus,
r?(s,t) = (q(s) — q(1))(@(s) — ¢* (1)) (3.3)

We denote by L the not-necessarily-unit normal derivative in the direction i¢'(s). Thus, in
terms of the notation & above, = = |¢/(s)|Z. One has

1 ! el _ ! —/
ilogrz— q'(s) +_Q(S) 7 jlogrz_z ¢(s) 7
ds 2 |q(s) —q(t)  q(s)—q*(t)|  On 2 4(s) =a(t)  q(s) —q*(t)
When we are using an arc-length parameterization, % = %.

To clarify the notation, we consider the case of S' = 9Q. Then, ¢q(s) = ¢, t = 0 + i€,

r2(s,0 +i€) = (10 — ¢is)(e=i0+i6) _ o=is) = Agin? (9_5;1‘5)'
Thus, log > = log(4 sin® *=3%). Clearly, f = &, so
logr? — ie' —ie g ieis s
U P R s R WAL W e s R 3
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3.2. Complexification of analytic curves C' C €. Theorem 5 concerns complexifications
of real analytic curves C' C €2, and we now introduce analogous notation for them. As
in the case of 0€2, we assume that the length of all curves C' is 2m. We use the notation
Qc : S' — R? ~ C for a real analytic parameterization of C. We then complexify C' by
holomorphically extending the parametrization to QS on the annulus (3.2), and again Q¢
extends holomorphically to A(e) as Q. We also write qo(t) = Qc(e) : [0,27] — C.

3.3. Layer potential representations on (2. We denote the Cauchy data of the eigen-
function on €2 by

uy; = oy o (Neumann);  uy,

= 0ypx,laa (Dirichlet), (3.4)
and write ufj for its holomorphic extension to 0€c.

We will represent the analytic continuations of the Cauchy data in terms of layer potentials.
Let G(\;, z1,22) be any ‘Green’s function’ for the Helmholtz equation on €2, i.e. a solution

of (=A = X)G(\j, x1,22) = 0, (22) with z1, x5 € Q. By Green’s formula,

soxj(x,y)z/m (0,G(Nj,q, (@,9)er,(0) — G(Nj, 4, (z,9))0upx, (@) do(q),  (3.5)

where (z,y) € R? where do is arc-length measure on 92 and where 9, is the normal
derivative by the interior unit normal. Our aim is to analytically continue this formula.
In the case of Neumann eigenfunctions ¢, in €2,

0

00 a—,/qG()‘J'> q, (z,y))ux,(q)do(q), (v,y) € Q° (Neumann). (3.6)

ox(T,y) =
In the Dirichlet case, the corresponding formula is
ox(,y) == [ G\ q,(z,y))uy(g)do(q), (Dirichlet) (3.7)

o0

where uy; are as in (3.4).
To obtain concrete representations we need to choose G. We choose the real ambient
Euclidean Green’s function S (in the notation of [G], §5),

SN & miayy) = =Yo(Ajr((, 9); (€, 1)), (3.8)

where r = \/zz* is the distance function (the square root of r* above) and where Y} is the
Bessel function of order zero of the second kind. (see equation (9.1) in Appendix 9.) The
Euclidean Green’s function has the form

1
S()‘j>€>77;xay) = A()‘ﬁf?naxay) lOg; + B()‘j7€>77;xay)a (39)

where A and B are entire functions of 72 (see (9.1) and (9.2) in Appendix 9 for the formulas).
The coefficient A = Jy(A;r) is known as the Riemann function. )

By the ‘jumps’ formulae, the double layer potential %S()\j, q,(x,y)) on 9 x Q restricts
to O x N as 16,(7) + 5= S(Aj, 4, q) (see e.g. [T]). Hence in the Neumann case the boundary
values uy; satisfy,

uy;(q) = 2 /(99 %S(/\j, 4, q)ux,(q)do(¢) (Neumann). (3.10)
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In the Dirichlet case, one takes the normal derivative of p,; at the boundary to get a similar
formula for 0,y |aq, with a sign change on the right side. We have,

0

Ov;

where the formula for Y;(z) is given in (9.3) in Appendix 9. As is well-known, the pole of Y}

is cancelled by the cos Z(q — ¢, v;) factor.
It is equivalent, and sometimes more convenient to use the (complex valued) Euclidean

S(/\ ) = —)\j)ﬁ()\j’l“) COS é(q — (j, V[j) (311)

outgoing Green’s function Hao )(kz), where Hao = Jo + 1Y} is the Hankel function of order
zero. It has the same form as (3.9) and only differs by the addition of the even entire function
Jo to the B term. If we use the Hankel free outgoing Green’s function, then in place of (3.11)
we have the kernel

N(Aj,q(s),q(s) = Zayy Hao (/\ 19(s) = yl)ly=q(s)

= —ixHal” (\la(s) — a(s)]) cos Z(g(s) — a(s), vyesn),

and in place of (3.10) we have the formula

:/OWN()\j,q(S),Q(t))u)\j(Q(S))ds' (3.13)

(3.12)

3.4. Analytic continuation of layer potential representations. In this section, we an-
alytically continue the layer potential representations (3.10) and (3.13). The main point is to
express the analytic continuations of Cauchy data of Neumann and Dirichlet eigenfunctions
in terms of the real Cauchy data. For brevity, we only consider (3.10) but essentially the
same arguments apply to the free outgoing representation (3.13).

As mentioned above, both A()\;,&,n,z,y) and B(\;,&,n, x,y) admit analytic continua-
tions. In the case of A, we use a traditional notation R((, (", z, z*) for the analytic continu-
ation and for simplicity of notation we omit the dependence on A;.

3.4.1. Interior curves. Before considering Cauchy data on 02, we consider the simpler prob-
lem of expressing the analytic continuations of the Cauchy data of eigenfunctions along
interior real analytic curves C' in terms of the real Cauchy data.

The Cauchy data of the eigenfunction on C' consists of the pair

oxle, vy le-

We then restrict the Green’s formula (3.5) to C. As above, we let g¢ : [0,27] — C de-
note the real-analytic, arclength parametrization of the curve C'. To simplify notation put
R(qc(s),qo(s), z,2*) =: R(s;z,2*). When the coefficients A, B are restricted to go(t), go(s)
we also abbreviate them by A(\;, s, t), B(\;, s,t) or when dealing with the analytic contin-
uation in ¢ by A()\;, s, qc(t), ¢&(t)) and B(\;, s, qo(t), ¢&(1)); .

For € > 0 sufficiently small, we consider the annulus (3.2) and the corresponding complex-
ification of C' given by

— {QE() € gE(AW©); QX)) = gE(s +ir)s 0 <5 < 2m e <7<,

Where, we recall that © denotes holomorphic continuation. Since C' is assumed to be an in-
terior curve, it follows by compactness of OQ that for |Sq®| sufficiently small, 2|, xo0 # 0.
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As a result, one can choose a globally defined holomorphic branch for log r and so, the holo-
morphic continuation formula for Neumann eigenfunctions in this case follows immediately
from (3.6):

A5,6E0) = [ 2500, q.48(0)) s, ) dota). (314)
oN q

Note that we are using Green’s formula on €2 to study the restriction to C and its complex-
ification.

3.4.2. When 0% is real analytic. As before, q : [0,27] — 0Q denotes the real analytic
paramaterization of J€2 by arc-length, so that do(s) = ds. Let uy,(q(t)) be the Neumann
case of (3.4). From (3.9), we can write (3.10) as

un () = & [T (—un,(a(s) 2 (N, 5,1)) log r2ds
(3.15)
—3 I un, (@) AW 5.0 5 ds = 1 [T (<, (a(5) 5o (5. )ds.
With different choices of B the same formula is valid for the outgoing Green’s function
as well. We wish to analytically continue this formula to the complex parameter strip
0, 27] 4 i[—¢, €]. For brevity, we denote by ufj(q(c(t)) the analytic continuation of (3.4) to
the complex parameter strip.

Since r%(s,t) = 0 when s = ¢, the logarithmic factor in S now gives rise to a multi-valued
integrand, and it is not obvious that the representation can be holomorphically extended.
The analytic continuation of the representation (3.15) was stated by Millar, and uses the
function

d(t; z, z*):/o ugj(qc(s))a—iR(s,z,z*)d& (3.16)

PROPOSITION 7. [M1, M2| Let u(fj be the analytic continuation to 02 of the boundary trace
of the Neumann eigenfunction, @y, . Then, for St > 0, resp. <0,

uf (¢5(t)) = Hi®(t,q%(t), ™ (1))

+ Jo T [®(s5.°(8), 4% (1)) + dun, () R(s, ¢°(1), ¢%(1))] iosh ds

+ Iy (005 65(0), 4% (1) — dun, (a(9) R(5. 4°(0), ¢ ()] s

=2 [ wn, (a($) 9 (51 4 (1), 4% (1)) ds.
(3.17)

Since we rely on this Proposition and since the argument in [M1, M2] is somewhat sketchy,
we give a detailed proof in Appendix 8.

3.4.3. When 02 is piecewise real analytic. We now consider the case where 0f) is piecewise
real-analytic. This has previously been discussed in [M3].
By a piecewise analytic boundary of length ¢ we mean 0Q = |J;", Cx where

e (), C R? are the maximal real analytic components of 92, enumerated in counter-
clockwise order so that CY intersects only C%_; and Cjy;.
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e The Cj are parameterized by m real analytic functions qx(tx) : [0,¢x] — Cy on
m parameterizing intervals (where ¢, = L(C%) is the length of Cj.) We assume
Ck N Ck,1 = {qk(()) = qk,l(ﬁk)} When m Z 2.

We denote the Cauchy data of the eigenfunction ¢, on the boundary component Cj by

. Our aim is to analytically continue u’f\ to Jp—, Ck.c where Cj ¢ is a complexification

of the interior of C. Thus, as we define 1t OS¢ is pinched at the corner points and the
analytic continuation of the boundary data of ), is somewhat simpler than in the fully
analytic case in that we are analytically continuing to a smaller kind of neighborhood of

0f). We denote the holomorphic extension of u’f\ o q(t) to the complex parameter ‘strips’

[0k, lk, — Ok] X i[—¢€, €] by u/\ o ¢%(tx)). Millar’s formula for the analytic extension of uy, to
Ck,c in the Neumann case is given by:

PROPOSITION 8. [M3] For Rt;. € [0, k] and 3t > 0, resp. <0,
Uy (qC () = i@t qF (k) aF* (t) + L 00 [y (@ (s aF (), 4 (1)

iug (q(s0)) Rlsn, f (8), 65 (b)) -2k dis,)

Qn(sn)*qk (tr)

+ Zn 1 fo Snan tk) Q%*(tk)) (318)

_iugj (q(S”))R(Sm qg(tk)v qg* (tk‘))] q(s%indsn]

m In n . *
_% n=1 fo uAj(q(Sn))g_f(qu%(tk)vq% (tk))dsy.
A proof is supplied in Appendix 8.
3.4.4. The case C NI # O with C # 9Q. This is a somewhat complicated hybrid of the

previous cases, but we briefly explain how to deal with it. Unlike the case of interior C, and
like the case of 02, we use Green’s formula

mj(x,y)zfc(ayG(Aj,q, (z,y))ex (0) — G(Nj, q, (2,9))0upn,(q)) do(q) (3.19)

on the domain int (C') bounded by C. Above, (x,y) € R? q € C, do is arc-length measure
on C' and 0, is the normal derivative by the interior unit normal. There are no boundary
conditions on C' to simplify (3.19) and the jumps formula, so the restriction of ¢, to C
satisfies

enle @) =2 ( [ S50 0o @in@ - [ S0v0 50, @d@). 620

The first term is handled exactly as in the case C' = 02, while the second term (the single
layer potential term) is new.

PROPOSITION 9. The restrictions @y, |c of the eigenfunctions of the Neumann problem to an
analytic curve C with C' N OQ # () admit the following holomorphic extension to a uniform
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tube around C' in its complezification Cc: (for St > 0,<0)
o5, (ae(t) = Fid(t,q5(t), g6 (1))

57 [B(5: 95(1). 45" (6) + o, (ac () R(s. a6(1). 45" (1)) ot
+Jo T [®(s3.06(1), 4 (8) — i, (ac(s))R(s, a8 (8), 46(1))] s ey ds

=2 [ ox, (40 ()52 (53 a6 (2). 46" (1)) ds.

2

— Iy R(s, g5 (1), g5 (1) L(s, )05, (qc(s)) ds
F2omi fot R(s,q5(t), g5 (t)0ven, (ac(s)) ds
—2 [0 B(s, a5 (1), 45" (£))Duipn, (a0 (s)) ds.

(3.21)
In (8.21), L(s,t) is a specific branch of the multi-valued analytic continuation of logr?(s,t)
defined in Appendiz 8.

4. GROWTH OF ZEROS AND GROWTH OF uf,

The main purpose of this section is to give an upper bound for the number of complex zeros
of qu in (0Q)c in terms of the growth of ’ui (q%(t)) ’ The method applies equally well to any

closed analytic curve C' C €2, so we give an upper bound for the number of zeros of ¢y, | in
Cc, or more precisely in the annulur region ¢S (A(e)) where A(e) = {z € C;e ¢ < |2] < e}
To simplify notation, in this section we write uy, = ¢y,|¢ for any real analytic curve
C C Q regardless of whether or not C' = 952. For \; € Sp(v/A) and for a region D C C¢ we
denote by
n(Aj, D) = #{qc(t) € D : uf (45(t)) = 0} (4.1)
To orient the reader, we recall that the classical distribution theory of holomorphic func-
tions is concerned with the relation between the growth of the number of zeros of a holo-
morphic function f and the growth of max,—,log|f(2)| on discs of increasing radius. In
contrast, our problem concerns the family of functions {¢y,} on a fixed domain. The follow-
ing estimate, suggested by Lemma 6.1 of Donnelly-Fefferman [DF], gives an upper bound on
the number of zeros in terms of the growth of the family:

PROPOSITION 10. Suppose that C is a good real analytic curve in the sense of (1.4). Nor-
malize uy, so that ||uy,||z2c) = 1. Then, there exists a constant C'(€) > 0 such that for any
e >0,

n(A;, QS(A(e/2))) < C(e max log [uS (¢S(E)||.
O QEA/2) < C) i [log i, (45(1)

Proof. Let G, denote the Dirichlet Green’s function of the ‘annulus’ QS (A(e)). Also, let
. 0OC € .
{ak}z(:)‘f’QC(A( )" denote the zeros of u(fj in the sub-annulus Q& (A(e/2)). Let Uy, =
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C
N _
T Taron, here lullogae) = maxceag (ae [u(C)]- Then,

log [Ux, (a6 (0] = Joe ((a(ezy) Gelac(t), w)00log [ux (w)| + Ha, (q5(t))

Zakng(A(e/z));ugj (ar,)=0 Ge(qg(t), ax) + Hy, (q(g'(t))a

since 00 log |u(§j (w)] =
QS (A(e)) since

areCes (ag)=0 da;,- Moreover, the function H); is sub-harmonic on
J

00H,, = 901log |Uy, (¢ (1))|— > 0G (¢S (1), ay,) = > 84, > 0.

ak€Qc(A(e/2)):u5 (ax)=0 ar €QE (A(€)\QE (A(e/2))
So, by the maximum principle for subharmonic functions,

max Hy,(gc(t)) < max  H,y,(qo t)): max log |Uy, (qc(t))] = 0.
QL(A0) c(t) 9QC(A(e)) (a0 QS.(A(e)) 1O ac®)]

It follows that

log ‘U)\j (qg(t))’ < Z Ge(qg(t)’ @k)> (4'2)

a€QE(A(e/2)S, (a1)=0

hence that

max log |Uy, (g (t))| < ( max Ge(z,w)) n();, Q& (A(e/2))). (4.3)

16 (1) EQE (A(€/2)) 2wEQE (A(€/2))

Now Ge(z,w) < max,eqeoa(e) Ge(z,w) = 0 and Ge(z,w) < 0 for z,w € QS (A(e/2)). Tt
follows that there exists a constant v(€) < 0 so that max, ,cqe (a(e/2)) Ge(7, w) < v(€). Hence,

q%(t)erégl“g(}jl(e/m)log \U)\]. (Q(C:‘(tm <wv(e) n(A;, Qg(A(G/Q))) (4.4)

Since both sides are negative, we obtain

O, QE(AWE/2)) < iy [masg yeag aerzy 108 U (aE(1)

< ﬁ (maxqg(t)ng(A(e)) log ’U&Cj( ¢ ()] — maxye 1yeqs (a(e/2)) 108 ’U(ch (qg(t))o

< ) MAKE (es (a) 108 [uX (a6(1)],
(4.5)
where in the last step we use that max,c )eqg (ac/2) 108 \ufj(qg(t))\ > 0, which holds since

|u)\ | > 1 at some point in Q&(A(e/2)). Indeed, by our normalization, |luy,|/r2cy = 1, and

s0 there must already exist points on the real curve C with |uy,| > 1. Putting C(e) = el
finishes the proof. Ul
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5. ZEROS ON INTERIOR CURVES: PROOF OF THEOREM 6

In this section we prove Theorem 6. We prove it before Theorem 5 since it is simpler and
provides a model for the more difficult boundary case. It is simpler because the analytic
continuation of the layer potential formula (3.13) is straightforward and does not use Propo-

sition 7. We use the analytic continuation to bound maxgc yeqg (a) 108 ]gp/\ (g&(1))]] from
above, and then an application of Proposition 10 concludes the proof

Proof. As above, the arc-length parametrization of C' is denoed by by ¢¢ : [0,27] — C and
the corresponding arc-length parametrization of the boundary, 0, by ¢ : [0,27] — 0.
Since the boundary and C' do not intersect, the logarithm log72(q(s); ¢5(t)) is well defined
and the holomorphic continuation of equation (3.13) is given by:

/ N, q(s), a8(6)) us, (a(s))do(s), (5.1)

From the basic formula (3.12) for N();,q,qc) and the standard integral formula for

Hag )(z) (see (9.5) in Appendix 9), one easily gets an asymptotic expansion in A; of the
form:

k
N, (), ge(1) = Xm0 7 an (qs), a6 (6) AP + OO 5T,
m=0
(5.2)
Note that the expansion in (5.2) is valid since for interior curves,
Co = min t) —q(s)]* >0
0= eatecxon 11010 ~ 1))
Then, Rr2(q(s); ¢5(t)) > 0 as long as
1Ses (1) < Cy. (5.3)

So, the principal square root of 7? has a well-defined holomorphic extension to the tube (5.3)
containing C'. We have denoted this square root by 7 in (5.2).

Substituting (5.2) in the analytically continued single layer potential integral formula (5.1)
proves that for t € A(e) and A; > 0 sufficiently large,

2w
ixir(g(s):q& —
o5, (a6 (1) = 2m))7 / eMTIED gy (g(s), gE (D) (1 + O Jun,(a(s))do(s).  (5.4)
0
Taking absolute values of the integral on the RHS in (5.4) and applying the Cauchy-Schwartz

inequality proves

LEMMA 11. Fort € [0,27] +i[—€, €| and \; > 0 sufficiently large

65 (a5 ()] < CLAZ exp A ( e §RZ’?“(q(S);qg(t))) w2200 -

q(s)€0N
From the pointwise upper bounds in Lemma 11, it is immediate that

lo max C(GE1)] < Craxi + Colog \; + log |luy. , 5.5
o P GEO)] < Cuncds + Calog )y +log s ligey, (55)
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where,

Chax = max Rir(q(s); ¢5(1)).
(a(s).45 (1)) €02x QS (A(e)) (8);45()

Finally, we use that log ||uy, | z2(00) = O(A;) by the assumption that C' is a good curve
and apply Proposition 10 to get that n(\;, C') = O(};).
This completes the proof of Theorem 6.
0

5.1. A remark on goodness and unique continuation. Before leaving Theorem 6, we
make a few remarks on the goodness requirement (1.4): On any interior curve C' C €,
goodness is implied by an exponential growth estimate involving only the Cauchy data
(¢a;lcs Ovpa,le) along C. This is a consequence of the following unique continuation argu-
ment.

Assume that C'is a closed curve in the interior of 2. Let Ugx be the domain with boundary
C U 9. It follows from the Sobolev restriction theorem that

H(’OMH%Q(aQ) < OHSD/\J'H?ql/z(Uc)- (5.6)

Let int(C) be the interior of the domain bounded by the curve C' and take = € int(C'). From
the potential layer formula (see 3.5) x, (2) = [, (Ou(q)G(x, q; M) or, (1) =G (x, ¢; \j)dy,0,(q))do(q)
and so, by squaring both sides, using the bounds |G (z,q, A;)| = O(1) and |0,,G(x, ¢; A;)| =

O()\Jl-/ 2) and applying Cauchy Schwartz, one gets
ng)\jH%Q(int(C)) < C)\j(HSD/\jH%%C) + Hal/('p)\jH%Q(C))‘ (5.7)
By a standard Carleman estimate/unique continuation argument [EZ, Ta]:
lx 200y < e lox, 72 miceyy < A€ (loa 122y + 180011 72(0))s

where the last inequality follows from (5.7). Inserting the last bound on the RHS in (5.6)
yields the comparison estimate relating Cauchy data along C' and 0€:

lo; 20y < € (o 2oy + 1000, 1l 20))- (5.8)
As an immediate consequence of (5.8) we note that (1.4) follows from the exponential bound
10,03, |22y < €V [l llz2(oy (5.9)

involving only Cauchy data along C'.

A natural question is whether (5.9) is automatically satisfied when ¢, does not vanish
identically on C7

6. BOUNDARY ZEROS: PROOF OF THEOREM 5

The proof of Theorem 5 is more complicated than that for interior curves because we need
to invert the Volterra operator of Proposition 7.
We recall that the analytic continuation of wu,; is the solution of a Volterra equation,

(1 + Ky, us, (6°(t) = U, (¢°(1)), (6.1)
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where Uy, (¢%(t)) has an explicit analytic continuation, and where

RS, G50) = [ G0 (0 0 ()0, (4 (5)) . (62

Here, R = A is the Riemann function, so explicitly

05, 050 = [ P 0 5,080,650 0, (5D

Therefore,

K, (t,s) = 1[07,5}(3)!]1(/\3-7")7“%(3,15) = 1j94(s)rJ1 (A7) (q(g)qfsgc(t) B q(s)ﬂli(zzc*(t)) ’

where 14 is the indicator function of the interval [0, ¢]. We note that the pole of m
at the upper limit of integration s = t is cancelled because the Taylor expansion of r.J;(r)
begins with r2. So the integrand is regular and holomorphic along the path of integration.

On the right side of the Volterra equation,

uf (q%(0) T i0(t,¢(1), % (1) = Jy [®(s5.4°(1), 4% (1)) + dun, (q()) R(s, ¢°(1), ¢ (1))] soh ds

o [B(s:05(2), 4% (1)) — s, () R(s. 4°(1). 4% (1)) gl

=2 [5" un (a(5)) (53 65 (1), ¢ (1)) ds

(6.3)
the Cauchy data uy; is only integrated over the real domain where by a standard Sobolev
estimate it has polynomial growth in A;. And further, the Riemann function and other
special functions occurring there have exponential growth with exponent bounded by the
ambient complexified distance function. The main problem is thus to invert the Volterra

operator I + K, and to obtain a similar growth estimate for (I + K,,)"'(RHS).
We first simplify the operator, K. Given t = $t + i3t we may choose the contour to
go along the real interval [0, Rt] and then to go along the vertical line segment Rt + is for

s € [0,3t]. This decomposes Ky, = K g) + K /(\3), where

(1), c . C mt 0 C Cx
RS (00 = [ ale) 5 RO st (0.0 () (64

and where

St
0
2 . . «
K2uS (65 (1) = /0 wy, (a5 (R + i) 7~ R\ RE +is; ¢7(2), ¢ (1)) ds.
We move the K /(\i) term again to the right side since it only involves the Cauchy data on the
real domain.

We now write ¢t = Rt + i3t and treat Rt as a parameter. We need to study the mapping
properties of K)(j) and (I + K/(\?)_l on the weighted Hilbert space L?([—¢, €], e=%51dSt).
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6.0.1. Model example. As amodel example, we consider the operator K, u(y) = foy M=)y (s)ds.
A simple calculation shows that for n > 0,

K (g, s) = o U

Y

and
(I = Ky,) " (y, ) = D0,

Hence, in the model example, the exponential growth of the kernel (I — K,)~'(s, 3t) is the
same as for K, (s, 3t).

6.1. Upper bounds. In view of the growth estimate for complex zeros in Proposition 10,
one needs to determine asymptotic pointwise upper bounds for the |u‘§j(qc(t))\ as \j — 00.
In this section, we prove:

LEMMA 12. Given t € [0,1] + i[—e€, €] and \; > 0 sufficiently large, there exists a constant
C > 0 such that

]u;cj(qc(t))] < exp ON}[St] - [lus, 12002

Proof. Let Cy > 0 be a constant. To bound the kernel K g)(St, s) we split the analysis into
two cases: (i) [r(Rt +is,t)| < Cio and (ii) |r(Rt + is,t)| > Cio

6.1.1. The range |r| > Cio In this range, J; has an asymptotic expansion given by
k
TiAT) = YA (r) e + O PN,
m=0

From the identity

K)(j) = 8,,J0()\j7")

= 1pag(s) Ji(A\jr) r 28

= Lpsy(s) 1 A7) [ — s )

it follows that there exists a symbol Sy, of order —% such that
(KD (St,5)] < Sh, (St 5) Ljg.aq (5) €M/ ORFi0] (6.5)

The estimate (6.5) is locally uniform in R¢ and the dependence on the parameter Rt is
implicit.

6.1.2. The range |r| < CLO In this range, the asymptotic expansion breaks down when |r| <

1. Instead, we use the standard integral representation for J; (see (9.4) in Appendix 9) to
get the bound

[ Ti(Agr)| < CeMIT (6.6)
and so, when |r(Rt + is,t)| < c%y

KPSt 5)] < Ol a(s) /SO0 (6.7)
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Combining the estimates (6.5) and (6.7), it follows that
(2) (e X |Sr(Rt+is,t)|
K, (St s)] < Clygay(s) e™ > (6.8)

locally uniformly in |s| + [3¢| and in R¢. Again, the dependence of K, on the parameter Rt
has been suppressed.

6.1.3. Pointwise estimates for r. By definition,

r(Rt+is,t) = (@SRt +iSt) — ¢C(Rt +is), ¢C(Rt + iSt) — ¢C(Rt + i5))2 (6.9)
Taylor expansion around s = 3t in (6.9) gives
|r(Rt +is,t)| < C|St — s, (6.10)

(C(1)—qC (Ri-+is) = /0 1 %qC(mH(t%H(l—ws))dt — (St—s) /0 () (R4t (1—1)8))dt.

From (6.10) and the bound (6.8) it follows that there are constants C; > 0;j = 1,2, such
that
KD (St )| < Cilay(s)e ™. (6.11)

2D\_1 - . .
Next, we expand (I — Kf\,)) Lin a norm convergent geometric series,
J

St Sn s1
SIEP (St s), (K] (St s) ;z/ / / K(St,5,) - K (51, 5) dsy -+ - dsy.
0 0 0

n=0

We recall that the n-simplex A, is defined by
{(51,...,80) :0< 51 <59 <o <5 < 1

Let St - A, be the scaled simplex. Applying the estimate (6.11) to each factor in the above
formula for [K g)]” gives the following pointwise bound:

HKS)]TL(%@ s)| < / O (St=sn) | (OXj(sn—sn-1) .. oOXj(s2=s1) | OMs1=8) gg ... s
St-An

So, by the model example,

(I — K&) NSt 8)] < eCHDNBESl 1 g (s).

J
To complete the proof of Lemma 12, we note that for ¢(t) € Q%(A(¢)), the right side of the
analytic continuation formula (6.3) together with the K /(\1) term satisfies the estimate

(xx) < Cpexp ()\j max R ir(t, s)) Nl | 200y < OISt (6.12)
q(s)€0N J
since by our normalization, ||uy,|[z2a) = 1. It follows that
St
(I — KS))”(**) < C/ e CHDASE=9) o CoAis g < Cexp(\; max{C + 1,C,}|St|).  (6.13)
0

This finishes the proof of Lemma 12. U
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By Lemma 12, |log maxXc)eqc(ae) \ufj(q(c(t)ﬂ < C); and Proposition 10 then implies
that n()\;; 9Q) =< Co),. O

7. CRITICAL POINTS: PROOF OF THEOREMS 3 AND 5 (2)

We now prove part (2) of Theorem 5 concerning the growth of critical points. It immedi-
ately implies Theorem 3. The argument is similar to that for counting zeros, the only change
being that we now take the derivative and restrict to the boundary in (3.7). For the sake of
brevity we only sketch the proof.

In the Dirichlet case, the jumps formula for the double layer potential gives (3.15) ex-

cept that now wuy, . [T, HZ] for
background. We then define n(A;, D) as in (4.1) but for the new uy,. The layer potential
representation implies the analogue of Lemma 12 and by Proposition 10 we conclude that
the number of complex zeros (hence real zeros) is O(\;).

In the Neumann case, we must take the tangential derivative £ (uy, o ¢)(¢). Since the
normal derivative is zero, the critical points of the tangential derivative are critical points of

the eigenfunction along the boundary. The tangential derivative now has the representation,

Dlun oq)t) = 2 [ (—un (a(s) LA (s, 1)) log rds

+ 57 ()% (5,)) 5 log r2ds (7.1)

2m r
_% fO U)\j(Q(S) at(A(S t igy f gygt(s t)dS
The analytic continuation of Proposition 7 applies equally to the equation (7.1) and the
analytic continuation of 2 o (ux; 0 ¢)(t) has the form (6.1) with a slight change in K . How-

ever, the phase function is the same, so the proof of Lemma 12 applies with only small
modifications to the new Volterra operator, giving the upper bound

0 (a5 ()] < Ay exp O\ I3t -y, 200 (7.2)

Only the exponential growth rate is significant here. We then apply Proposition 10 to bound
the number of zeros by the maximum of

‘atux (¢“(1))] ||, || 22002

< 01)\]' + 02 IOg )\j + 03 IOg (73)

| |3tU,\ | |L2(8Q) \ ‘atu)\]- \ ‘L2(8Q) .

Of course this estimate assumes dyuy,(q(t)) # 0 identically, as can happen with radial eigen-
functions on the disc. Assuming (1.2), the third term of (7.3) is < Cy\;, completing the
proof.

8. APPENDIX: PROOFS OF PROPOSITIONS 7, 8 AND 9

This Appendix is devoted to Propositions 7, 8 and 9. Since they do not appear to be
well-known, or to be proved in detail in [M1, M2, V], we supply the details of the proof.
To simplify notation, when the context is clear, we often denote the holomorphic functions

q®(t) (resp. ¢“*(t)) simply by q(t) (resp. ¢*(t)).



22 JOHN A. TOTH AND STEVE ZELDITCH

8.1. Proof of Proposition 7.

Proof. We will analytically continue the formula (3.15). Although w,, is real analytic on
0 and hence admits an analytic continuation to a small complex ‘tube’ (0€)c, it is not
clear that the representation (3.15) can be extended analytically due to singularities of the
integrand. Moreover, it is not clear that the right side of (3.17) is in fact complex analytic.
The main task in the proof is to clarify these points.

We begin by showing that the last two terms of (3.15) analytically continue in a straight-
forward way.
LEMMA 13. The integrals (1) %fo% wy, (q(s)A(s, )2 L (s, t)ds, resp. (ii) %fo% uy,; (q(s)) % (s, t)ds,
are real analytic on the parameter interval S* parametrizing O and are holomorphically ex-
tended to an annulus by the formulae

@) [ i DG a0 (s - L

q(s) —q(t) q(s) —q*

resp.

) =2 [ o) G ssalt. o (0)ids

Proof. Any derivative of log r? is unambiguously defined and we have
10r Odlogr 1 q'(s) q(s)
ron on %) —a®) 4 - @)

In the real domain, ¢*(t) = ¢(¢), so

10r q (s
= S

We recall that 22 = |¢/(s)| 7' 2Z. In terms of the real parametrization g(s),

or

v
vanishes to order one on the diagonal in the real domain so that %% is real and continuous.
In complex notation, the same statement follows from the fact that

= cos Z(q(t) — q(s), Vg(s))

— t / 1
lim Q(S) Q( ) _ q'(s) — q (S) _ n 0(1)’ (8 . t),
i—s s —t q(s) —q(t) s—t
where - is real when s,¢ € R. Hence, %q(sq)/g)(t) is continuous for s,t € [0, 27] and since
; as)  _ _d(s) : ;
q(s),q(t) are real analytic, the map s — [q(s)iq(t) q(s)fq*(t)] is a continuous map from

s € [0,27] to the space of holomorphic functions of ¢.
Since A = Jy(kr) is an analytic function of r?, A% has the form
F(TQ) 1 q,(S) Cj’(S)

%) a0 76 =@

for an analytic function F. Clearly, F'(r?(s,t)) is also a continuous map from s € [0, 27| to
the space of holomorphic functions of . Hence, so is the product and therefore so is the
integral over s € [0, 27| of the product.
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Similarly for case (ii). In this case, B is an entire function H(r?) of r? which is of the form
r?h(r?) for another entire h. Hence,

OB _ appays L 4 d(s)
% = PO} G - e

So the integral (ii) also admits an analytic continuation.

O

Thus, the difficulty in analytic continuation of the representation is entirely with the inte-
gral [ (—uy, (q(s))2A(s,t)) logr2(s, t)ds. Due to the logarithm, the analytic continuation of
the integrand is multi-valued in any neighborhood of 0€2. Nevertheless, the integral admits
a single-valued analytic continuation there.

LEMMA 14. The integral fo%(—u)\j (q(s))%(s,t))log r*(s, t)ds extends to a holomorphic func-

tion of t in a neighborhood of [0, 27] in [0, 27| X [—€, €] given by

it(t o000+ [ @ a0 )] st [ wlssate). g 0) T s

where, + corresponds to 3t > 0, resp. < 0.

Proof. We first observe that

0A N or
E o(r )01/ Nl )81/' (8.1)
Now J; is odd in r so (8.1) has the form
2y OF o Ologr 2y 2 (1 q'(s) q(s)
F(r?) e = F(r?) r 5, = F(r)r (Z[q(s) mrr iy _q*(t)]) , (8.2)

where F' is a holomorphic function. From (8.2) it follows that g—f(t, s) is a smoothly varying
family of holomorphic functions of ¢ in a sufficiently small annulus.

Thus, our problem is a special case of the general problem of analytically continuing the
integral fo s)logr?(s,t)ds where f is real analytic and where r%(s,t) is given by (3.3).
In our case, f ( ) also depends holomorphically on ¢ but this does not affect the analytic
continuation issue.

We have slit the complex parameter annulus through the vertical segment through 0 to
obtain the complex ¢ parameter strip I = [0,27] + i(—¢,€). To define the analytic continu-
ation, we specify a branch L(s,t) of the multi-valued analytic continuation of logr?(s,t) on
[0,27] x I. Our integrals only involve pairs (s,t) € [0,27] x I. For each t, we remove the
set {s:0 < s < Rt}. For fixed s, these cuts disconnect the t-strip into four ‘quadrants’,
defined by the inequalities St > 0 (resp. St < 0) and 0 < Rt < s (resp. s < Rt < 27). In
the right ‘half-plane’ where s > Rt, we define SL(s,t) so that it is continuous in the right
‘half-plane’ and tends 0 as 3t — 0 from either top or bottom. In the slit left ‘half-plane’,
{s < Rt}\[0,Rt] we define L(s,t) by continuation from the right half plane. It then tends
to F27 as St — 0 from above, resp. below the cut along the ‘negative’ real axis s < Jt.

To illustrate, we consider the basic case of the circle, where ¢(t) = e and where we
are defining arg ((e” — e*)(e™™ —e™)). We fix Rt = ¢y and consider the map (s,7) —
(e — e)(e™™ — e7™) where t = to + iT. In the ‘first quadrant’ s > to, St > 0, this map is
anti-holmorophic and takes the real axis 3t = 0 to the positive real axis and the ‘imaginary
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axis’, s = tp and 3t > 0, to the negative real axis. Since the map is anti-holomorphic,

the image of a counter-clockwise path in the first quadrant from the real to imaginary axis

is a clock-wise path from the positive real axis to the negative real axis, so the arg equals

—m on the imaginary axis. As the path in the domain moves counter-clockwise in the

second quadrant to s < tg, 3t = 0 the image path moves to argument —27. Similarly, the

continuation in the fourth and third quadrants leads to a value of 27 on the axis s < tg.
We now malke:

Claim: (cf. Millar [M2]) If f admits an analytic continuation to a neighborhood of 9%,

then the integral fo% f(s)logr?(s,t)ds admits an analytic continuation to a neighborhood
of 09 in (0Q)¢ by

/Oﬂf(s) log r*(s,t)ds — /o ﬂf(s)L(s,t)dsﬂ:Qmﬁ/O f(s)ds, (8.3)

where the path from 0 to ¢ is defined in the integral is the same as the path used to analytically
continue log r%(s,t), and where the + sign is taken for 3t > 0 and the — sign when St < 0.
Furthermore, the right side of (8.3) is periodic.

We check the last statement first. It follows from the fact that

2 2 +iSSt 27
/ f(s)L(s,2m +iSt)ds + 27r7l/ f(s)ds = / L(s,iSt) f(s)ds
0 0 0

2

2 +iSt
+27i / f(s)ds F 2mi f(s)ds
0

0

o it
= / L(s,iSt) f(s)ds & 27i / f(s)ds,
0 0

where the last line follows from the Cauchy formula and the fact that f(t 4+ 27) = f(¢).
To prove the first statement of the claim it suffices to show that the right side in (8.3) is

e (i) Holomorphic in the upper annulus ¢ > 0;
e (ii) Holomorphic in the lower annulus 3t < 0;

e (iii) Continuous in the whole annulus, and restricts to fo% f(s)logr?(s,t)ds for real
t.

Let us prove (iii) first, since it explains the second term on the right side of (8.3). With
no loss of generality, suppose that St — 0% with ¢t — ;. Then

/O )L (s, s - 2mi /0 " H(s)ds — /0 )L (s, t0)ds + 2mi /0 " Fe)ds,

and we must show that

27 21

to
f(s)L(s,to)ds + 2mi f(s)ds = (5)log12(s, tg)ds.
0 0 0
Here, argr?(t,s) = 0 while SL(s,t) equals zero for s > ¢ and equals —2 for s < . Hence,
the imaginary part of the left side cancels and we obtain the right side.
Now let us prove (i)-(ii). Since the proofs are essentially the same we only prove (i).
We first note that all branches of analytic continuation of logr?(s,t) differ by constants

in 2miZ. Hence, if the period (f) := & 027r f(s)ds of f vanishes, then all choices of branch
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of logr give the same value of the integral fo% (s)logr®(s,t)ds. Similarly, the integral

fo s)ds is only multi-valued due to the period of f. Hence, when the (f) = 0, both terms
on the right side of the claim are well-defined independently of any choice of integration path
or branch of logr?. Since we can write f = (f — (f)) + (f), we only need to show:

(1) o% f(s)L(s,t)ds £ 2mi fo s)ds is holomorphic for 3t > 0 when (f) = 0;
(2) 0% L(s,t)ds £ 2mi fo ds is single-valued holmorphlc function for 3t > 0.

To prove (1), we assume (f) = 0 and let F(t fo s)ds be the (well-defined) primitive
of F'in the annulus. We then integrate by parts in the ﬁrst integral to obtain

f027r F'(s)L(s,t)ds

= F(2m)L(2m,t) = FO)L(0,t) — [;" F(s) 75 Cmds — [ F(s) g ds (8.4)

21 (s 21 7' (s
=—J F(s)q(sq)fq)(t)ds — F(s)=—LL)__gs

0 0 a(s)—q*(t)
Here, we use that F'(2r) = F(0) since it is a single-valued holomorphic function on the
annulus and that £'(0) = 0 by definition. It is clear that the right side of (8.4) is holomorphic
in 3¢ > 0 since poles occur only when St = 0. Since F'(t) is single valued and holomorphic,
this proves (1).
To prove (2) we write

fo% L(s,t)ds & 27i fg‘ ds = OQW log Q(e;jzigt(eit) Q*(ee_iz:g:(fit)ds
(8.5)
+ f log ((e"* — ™) (e™" — e™)) ds & 2mi f(f ds,

We observe that the first term is holomorphlc for 3t > 0 since the arg of both numerator
and denominator are continued so that each arg tends to —2m as St — 0 for s € [0, Rt] and
so that each arg tends to zero for s € [Rt,2n]. Hence, the arg of the ratio tends to zero
as St — 0 in both integrals. Since the arg is only ambiguous up to a constant in 2miZ,
it follows that the arg of the ratio is well defined and single valued and the integrand is
well-defined as a single-valued holomorphic function for &t > 0. Therefore, to prove (2) it
suffices to show that for &t > 0

g(t) == /O QWL(s,t)ds + 2rmi /O s =0, (8.6)

where L(s,t) = log ((e"* — ) (e™" — e)) with our choice above of the branch cut at s = Rt.
Note that ¢ is an analytic continuation of the integral fo% log |’ — €'|?ds = 0 for real t, so
analyticity of g is equivalent to g = 0.

This reduces the analysis to the integral

2m 2m
/ log ((e —e™)(e™™ — e ™)) ds = / log (2 — 2 cos(s — t)) ds,
0 0

where as above the logarithm is defined by breaking up the integral into 0§Rt—|- f;:
defining the arg by the method above. Note that formally the integral is constant in ¢ by a
change of variables but that such a change of variables is not consistent with the definition of
the logarithm. However, the integrand is a function of s —¢ and so, 4 log (2 — 2 cos(s — t)) =
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ﬁ log (2 — 2 cos(t — s)) is well-defined independent of the branch of log used (since these

differ by integer multiples of 27i). Hence,
4 [ og (2 —2cos(s —t))ds = — [i" Llog (2 —2cos(s —t))ds

= —log(2—2cos(s —t)) |3

= —2mi,
by definition of the logarithm. It follows from (8.6) that
d d [*" d . .
%g(t) == /o log (2 —2cos(s — t)) ds + %(QWZt) = —2mi + 2mi = 0.
Hence g is constant and as noted above it equals 0 for real .
O
This completes the proof of the Claim and hence of the Proposition.
O

Remark: By integrating by parts directly in the integral Lf(t) := f027r log72(s,t) f(s)ds for
t real and using that fo% log |e® — €'|?ds = 0, one gets the formula

2m ! ! 2 s it |2
q'(s) 7(s) ) |Q(e) — Q)]
Lft:—/ ( + = — (F(s)=F(t))ds+(f log . , ds,
=) o —a0 ") —aw ) I BRI | o —ep
(8.7)
where, F(t) := f(f(f — (f))ds. It follows from (8.7) that for ¢ € [0,27] 4 i[—¢, €] there is an
alternative formula for the analytic continuation of Lf which is given by

2 ! ~/
q'(s) 7'(s)
Uct:—/ ( + = (F(s) — F(t))ds 8.8
(L) o \a(s)—q(t) a(s)—q*(t) (Fls) = () (85)
2m s it *( 18 * (it
[Q(e") — Q(eM)][Q"(e") — Q" (e")]
+{f) / log i — eit][e—is — ] d
0
We note that the log in the second term on the RHS of (8.8) is defined unambiguously
independent of branch) since as ¢ — 0 and s — J¢ from either side, we have that
ind d fb h) si R 0 and Rt 1 ith id h h

arg[Q(e™) — Q(e')] — argle™ — €] — 0 and so the arguments cancel. The same thing is
true for the ratio involving Q*.

S.

8.2. Proof of Propositions 8 and 9.

Proof. We only sketch the proofs, because they only involve a small modification of Propo-
sition 7.

First, consider Proposition 8. Green’s formulae (3.5)-(3.6) remain correct in the piece-
wise analytic case, with the definition that on the kth component, the normal derivative is
calculated by taking the limit from within the £th component.

The verification of the Millar formula is then similar to the fully analytic case. The
main difference is that we now have pairs (s, tx) of parameter points which may come from
different intervals. When n = k there is no difference in the argument except that 9QF
is not an annulus but rather two regions meeting along a common interval. But the same
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choice of branch of the logarithm extends w,, holomorphically above and below the interval,
and the first term on the right side ensures that the two holomorphic extensions agree on
the common interval. When n # k, one defines argr?(s,,t;) = 0 for all real s,,t;. Since
Gn(Sn) 7 qr(tr) when n # k the logarithm extends to a holomorphic function in ¢; with this
choice of branch.

In the case of Proposition 9, the additional step is to analytically continue the second term
of (3.20). To do so, we use the arc-length parameterization go(s) of C' to write

1

2T 2T
—5/ A(Nj, s,) log (s, t) dupx,(qe(s))ds — / B(Aj,5,t) Opon,(qo(s)) ds.
0 0

Since B = F(r?) where F is entire, the second term above has a straightforward analytic
continuation. The first term is another case of the integrals discussed in the previous section,
and by the proof of Proposition 7, its holomorphic continuation is the one stated in the

Proposition.
0

9. APPENDIX ON HANKEL AND BESSEL FUNCTIONS

For the reader’s convenience, we summarize the facts we use about these special functions.
We recall that Bessel’s function of order v is a solution of the equation 22y +xy'+(2*—1v?)y =
0.

A fundamental set of solutions for Bessel’s equation of order 0 is given by Jy, Yy where

o) 2 2k
Jo(z) = Epo(—1) 5l

(9.1)
0o (=) (1424 L) (2)2m
Yo(2) = Jo(2) log(2) — Sy TGO
The coefficients A, B in (3.9) then have the form
(=DM 42+ DY)
A= Jy(\r), B=— Z (=™ m) (A7) + Jo(Ar) log . (9.2)

4m(m!)?

m=1

A fundamental set of solutions for Bessel’s equation of order one is given by J;,Y; where:

%) Z2k+1
Ji(z) = Zk:O(_l)k22k+l EI(k+1)!

TYi(2) = 2 + 2 Ji(2) (log(2/2) +7) — S5y (~ D) gy (/2% 13 +25 4],
(9.3)
Here, v is Euler’s constant. We also have the integral formula

Ji(z) = —m’/ e % cos 0 db. (9.4)
0

Finally, we also use the Hankel function Hagl)(z) = J1 +1Y1, which is given by the integral

formula,

9\ 2 eilzsn/4) oo ) s 1

HalV(2) = [ = 7/ 5573 (1 — —)3 ds. 9.5
L= (2) Gaar | ot (9.5
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